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ABSTRACT 
 
Caroline Headlam 
 
An investigation into children’s understanding of                                   
the order of operations 
 
 
This thesis reports on the findings of an international study into the way in 
which children approach calculations which involve the order of operations.  
The study involved 203 pupils aged between 12 to 14 years from four 
different countries: England, The USA (New York State), Japan and The 
Netherlands. 
 
Many pupils in England are taught to use mnemonics such as BODMAS or 
BIDMAS to remember the correct order of operations, and in the USA 
pupils are often taught to use PEMDAS. However in Japan and The 
Netherlands these methods are not used, and the approach to teaching 
mathematics differs considerably across the countries.  
 
In this study pupils from classes in these four countries have been given 
calculations to perform and their work has been analysed for 
misconceptions. The analysis of their work has involved use of the Key 
Recorder software as a data collection tool, in which the pupils’ calculator 
keystrokes have been recorded and played back to give a unique insight into 
their thinking.  
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Analysis of the children’s work has resulted in the categorisation of the 
misconceptions that were observed, and suggests that the nature of the 
mathematics curriculum and the teaching methods employed may have a 
significant effect on the way in which children approach calculations of this 
sort.  
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CHAPTER 1: INTRODUCTION 
1.0 Biographical notes 
I began my teaching career in 1983 having completed my BSc in 
Mathematics and Physics and a PGCE in Secondary Mathematics. I have 
always loved mathematics, and since the beginning of my teaching career I 
have been interested in finding out as much as I can about how children 
learn mathematics; I have also always been fascinated and concerned by the 
fact that mathematics seems to be generally regarded (in the UK at least) as 
a subject that is extremely difficult and, to many people, even frightening.  
The PhD study by Picker (2000) provided evidence that children in many 
countries find mathematics difficult and many have very negative images of 
what it is like to be a mathematician.  My experiences as a mathematics 
teacher in secondary schools in the UK seems to have confirmed the fact 
that many children, and their parents, appear to regard mathematics as the 
most difficult subject in the curriculum, some having a real fear of the 
subject, and throughout my teaching career I have looked for ways of 
fostering both enjoyment and achievement in my pupils. I believe that 
teaching to avoid misconceptions, and developing the ability to recognise 
and address misconceptions is a fundamental part of this.  
 
 In 2004 I achieved my MPhil (Headlam, 2004)  with a study relating to the 
ways in which mathematics teachers in the UK used graphics calculators in 
their teaching.  This led me to investigate the work of Smith et al (2003) 
which pointed to the use of the graphics calculator as a potential research 
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tool. With the advice of my colleagues in the Centre for Teaching 
Mathematics at Plymouth University I decided to embark upon a study 
which utilised the graphics calculator as a way of looking into the way that 
children think, mathematically, and to look in depth into a very specific area 
of mathematics teaching and learning.  
 
1.1 Background to the study  
During my teaching career as a secondary mathematics teacher I worked in 
four very different secondary schools in and around Plymouth. Over the 
years I have experienced a great variety of different teaching and learning 
styles; sometimes because this was required of me by the school or 
department that I was working in, and sometimes because of my own 
personal beliefs about how effective learning can take place.  I have used a 
variety of different teaching and learning resources, which have developed 
over the years as the curriculum and current thinking have changed. These 
have ranged from the individualised learning schemes, such as the SMP 11-
16 scheme, that were very popular in the period immediately following the 
Cockroft report “Mathematics Counts” (1982) to text books produced to 
address particular National Curriculum Levels and particular GCSE and A-
Level specifications, some of which have been aimed at whole - class 
teaching and others of which have been designed to encourage other 
learning styles such as collaborative work in pairs or in groups. For 
example, “National Curriculum Mathematics” (Vickers and Tipler, 1995) 
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was a series of textbooks, each aimed at a particular level of the National 
Curriculum at the time, and presented in a way that could be used flexibly. 
It was aimed at enabling ‘pupils, or groups of pupils, to work across 
different areas of mathematics at different levels’.  These texts were popular 
and used in many schools in the 1990s, and were regarded as particularly 
useful resources for use with mixed-ability teaching groups. An example of 
another popular series of textbooks aimed at a particular examination board 
is “London GCSE Mathematics” (Pledger et al, 1996) which was produced 
to address each of the three tiers of GCSE mathematics that existed at the 
time, and was written in a way that encouraged whole-class teaching and 
learning, with pupils grouped according to ability.   
 
As technology has developed, and in particular the use of interactive 
whiteboards, teaching resources have become increasingly interactive and 
mathematics lessons in the UK have been less dependent upon a set 
textbook and more likely to utilise a range of resources. Over recent years 
the internet has opened up an extensive range of teaching and learning 
resources, with many schools using web-based schemes such as 
“MyMaths”.    Although this may seem to increase the choices that the class 
teacher has over the use of a range of resources, it could be argued that in 
some respects it can have the effect of narrowing down the flexibility, since 
some web-based schemes produce prescribed lessons with set examples, 
thus limiting the teacher’s choice of materials and methods of delivery.  
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This may also have the effect of limiting the teacher’s flexibility to explore 
different methods which may be suggested by the pupils.  
 
With increasing experience and responsibility I have been able to make 
decisions about the most effective ways that I believe different 
mathematical concepts may be understood and consequently about the 
teaching methods that can be best employed to effect this understanding.  
Clearly, however, this has always been constrained by the requirements of 
the National Curriculum, in which required teaching methods have been set 
out very rigorously.  Indeed, when the National Numeracy Strategy (DfEE, 
1999a) was first introduced into primary schools in 1999 the “numeracy 
hour” which took place each day was prescribed down to the number of 
minutes spent on each part of the hour-long session, with a heavy emphasis 
on mental and written methods and a requirement for whole-class teaching.  
Evaluations of the National Numeracy Strategy (NNS) within the 
Leverhulme Numeracy Research Programme  revealed significant changes 
to the ways in which primary teachers planned and delivered numeracy 
lessons, for example Brown et al (2003) observed that teachers’ planning 
tended to focus more on objectives than activities, and that there was 
confusion about whether the NNS objectives should be regarded as teaching 
objectives or learning objectives. McNamara and Corbin (2001) reported 
variation in the way in which teachers engaged with the NNS but noted that 
the training given to teachers was considered important by many teachers, 
and this was echoed by Brown et al who concluded that “One extremely 
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positive result, we feel, of the NNS is that on-going professional 
development now has the feel of common practice” (Brown et al, 2003, p. 
18)  Vorderman (2011, p. 40) voices concerns that this has constrained 
primary teachers as to the way in which they teach mathematics, forcing 
them into  line with the documentation and guidance accompanying the 
National Strategy. Vorderman comments on the rigid way in which some 
primary teachers have interpreted the guidelines for teaching methods in 
arithmetic: 
 
‘The Primary Strategy has specified ‘chunking’ as a form of long 
division and ‘grid multiplication’ as a form of long multiplication. 
These were meant to be staging methods, helping children’s 
understanding before going on to the more formal methods they will 
need in Key Stages 3 and 4, but many teachers have seen them as 
ends in themselves’      
(Vorderman, 2011, p. 41)  
 
The Numeracy Strategy fed through into secondary schools in the form of 
the Key Stage 3 Strategy and June 2001 saw the publication of the 
“Framework for Teaching Mathematics” (DfEE, 2001a) which set out the 
learning objectives of the National Curriculum in a year-by-year plan.  A 
supplement of examples exemplified the learning outcomes for each year 
and encouraged a variety of approaches for delivering the curriculum, with 
an emphasis on appropriate use of ICT.  These examples have been retained 
in exactly the same form in the latest version of the Mathematics 
Framework (DCSF, 2008b).  Lesson timings were not prescribed so tightly 
as they had been in the primary “Numeracy Hour” and different teaching 
styles were encouraged, although a strong emphasis on whole-class teaching 
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prevailed with the three-part lesson as a requirement.  This involves an oral 
or mental starter, a main teaching and learning activity and a plenary.  
Consequently the use of individualised learning schemes such as SMP (The 
Schools Mathematics Project) and KMP (The Kent Mathematics Project) 
decreased as whole-class teaching was accepted as the expected way to 
deliver the mathematics curriculum.   This had a significant effect on the 
way in which pupils were grouped into classes; whereas many schools had 
taught mathematics to mixed attainment groups for mathematics  in some or 
all of Key Stage 3 it became increasingly common to group pupils 
according to attainment from the beginning of year 7, in order to facilitate 
whole-class teaching approaches. This move from mixed attainment to 
whole class teaching in mathematics is noted by Gillard (2008) who asserts 
that in this period of time whilst most subjects were taught in mixed 
attainment groups, mathematics lessons were increasingly being taught in 
sets according to the pupils’ attainment.  
 
From my experience of managing mathematics departments at this time in 
the development of the National Curriculum I believe that the strong 
emphasis on targets has encouraged a culture of “teaching to the test” so that 
pupils are able to jump through the hoops involved in achieving a certain 
level, without necessarily achieving a thorough conceptual understanding. 
Vorderman (2011) concludes that with regard to the Key Stage 2 National 
Curriculum Tests: 
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‘The test sets up a conflict of interests between children and their 
schools. The children’s interest is to develop their mathematical 
understanding continually, throughout their education; their 
school’s interest is to maximise the number of children obtaining 
level 4 in the test. The two are not the same’.   
      (Vorderman, 2011, p.44) 
 
Although the Key Stage 3 National Curriculum Testwas abolished in 2009 it 
is rather too soon to judge whether this has had an effect on the way in 
which mathematics is taught in Key Stage 3.  However, many schools are 
now choosing to begin GCSE mathematics in year 9 (age 13 – 14), which in 
some schools means that pupils will take at least one GCSE module whilst 
they are in year 9. These results will not be reported in league tables in the 
same way that the National Curriculum Test  results were reported, but it 
still means that some pupils are being prepared for a public examination in 
year 9, which may well have an effect on the way in which mathematics is 
taught.  
 
In my current role as a lecturer in Mathematics Education I have the 
privilege of visiting many secondary schools across the South West of 
England where I observe trainee teachers and, of course, children at work in 
their classrooms, doing mathematics. I have the responsibility of preparing 
my trainees to become effective teachers of mathematics and in order to do 
this one of the major areas for consideration is the appreciation of the nature 
of children’s misconceptions, and an awareness of effective teaching 
strategies which can be employed to prevent these misconceptions, or to 
address them if they are already there.  
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1.2 Order of Operations  
One of the essential concepts in the understanding of arithmetic is the 
concept of “Order of Operations”.  The current National Curriculum for 
Mathematics (DCSF, 2008a) sets out the Range and Content that should be 
covered in the mathematics curriculum, and splits this into three categories:   
 
                    1. Number and algebra 
                    2. Geometry and measures 
                    3. Statistics 
The content for Number and Algebra in Key Stage 3 is defined as follows: 
The study of mathematics should include: 
(a) Rational numbers, their properties and their different 
representations 
(b) Rules of arithmetic applied to calculations and manipulations with 
rational numbers 
(c) Applications of ratio and proportion 
(d) Accuracy and rounding 
(e) Algebra as generalised arithmetic      
(f)   Linear equations, formulae, expressions and identities 
(g)   Analytical, graphical and numerical methods for solving 
equations 
(h) Polynomial graphs, sequences and functions         
(DCSF, 2008a, p. 145) 
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Within the “explanatory notes”   the rules of arithmetic are described as 
follows: 
Rules of arithmetic: This includes knowledge of operations and 
inverse operations and how calculators use precedence. Pupils should 
understand that not all calculators use algebraic logic and may give 
different answers for calculations such as 1 + 2 × 3 
(DCSF, 2008a, p. 145) 
         
    
These definitions are highly significant in determining the way in which 
number and algebra are taught in England. There is a clear sense of 
hierarchy and order within the list of topics, and crucially section (e) defines 
algebra as “generalised arithmetic”. The explanatory note provides an 
expectation that this work will include the use of calculators.  
 
In the National Strategies Secondary Mathematics Exemplification (DCSF, 
2008b) the learning objective relating to this states that pupils should be 
taught to: Know and use the order of operations, including brackets. (p. 
86). This is exemplified as shown in figure 1.1: 
 
 
 
 
 
 
 
Figure 1.1  Exemplification from National Curriculum Framework 
 (DCSF, 2008b, p. 86) 
brackets 
powers or indices  
multiplication (including ‘of’) and division 
addition and subtraction 
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Examples are given of learning outcomes that pupils in year 7 should be 
able to do. These include:  
 
 Calculate with mixed operations. For example: 
Find mentally or use jottings to find the value of: 
16÷4+8          =12 
16+8÷4           =18 
14×7+8×11     =186 
32 + 13×5        = 97 
(3² + 4²)²       = 625 
(52  - 7) / (22  - 1) = 6 
Use a calculator to calculate with mixed operations, e.g. 
(32 + 13) × (36 – 5)  = 1395 
 (DCSF,  2008b, p. 86)        
                               
By year 8, an example of a learning outcome is given as 
 
Calculate with more complex mixed operations, including using the 
bracket keys on a calculator. For example: 
 
Find the value of:  2.1 – (3.5 + 2.1) + (5 + 3.5)    = 5 
Find, to two decimal places, the value of:  
√(26² - 14²)  =  21.91  to 2 d.p 
(DCSF, 2008b, p. 87) 
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Another example of a year 8 learning outcome for the same learning 
objective is that a pupil should understand that the position of brackets is 
important.  A suggested task for this outcome is to make as many different 
answers as possible by putting brackets into the expression     
3 x 5 + 3 – 2 x 7 + 1  
By year 9 the learning outcomes include the understanding of the effect of 
powers when evaluating an expression, for example to be able to evaluate    
    
   
   (DCSF, 2008b, p.87) 
 
Another important example of a year 9 learning outcome is to recognise that 
 (  )            (DCSF, 2008b, p.87) 
 
This objective is also linked to calculator methods, with the expectation that 
a pupil should be taught to carry out more complex calculations using the 
facilities on a calculator (DCSF 2008b, p. 108) and with the order of 
algebraic operations, where pupils are expected to know that algebraic 
operations follow the same conventions and order as arithmetic 
operations. (DCSF, 2008b, p. 114) 
 
The Framework makes it clear that pupils are expected to be able to use a 
scientific calculator efficiently when evaluating more complex mixed 
operations.   
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More examples of learning outcomes for years 7, 8 and 9 are given in the 
appropriate pages from the Framework document, which are included in 
appendix A. 
 
The importance of the understanding of the order of operations was 
emphasised in a report for the Channel 4 television documentary 
“Dispatches” entitled “Kids Don’t Count” in February 2010 (TimesOnline, 
2010) which investigated the arithmetical abilities of primary school 
teachers. The first statistic that was reported was the finding that only 20% 
of the teachers surveyed were able to correctly work out the answer to the 
calculation 4 + 2 × 5. As well as emphasising the importance of children’s 
understanding of this concept the Dispatches report considers the necessity 
of children being taught important mathematical concepts by a teacher who 
has a clear understanding of the concepts. This relates to the 
recommendations of the Williams Review into the teaching of mathematics 
in primary schools (DCSF, 2008c).  The questions used in this survey were 
produced by Richard Dunne who wrote a follow-up article on Symbolic 
Maths (Dunne, 2010) in which he discusses the importance of mathematics 
as a language and the link between arithmetic and the logic of algebraic 
understanding: 
 
‘Mathematics is a logical, symbolic language. It is the clarity of its 
logic, the economy of the symbols and the fact that ‘it talks to you’ 
that makes it intrinsically exciting. It works like written English 
works (only twenty-six letters but thousands of words) or how music 
works (with crotchets and quavers etc for thousands of tunes)’  
(Dunne, 2010 p. 1) 
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The link with number and language was noted in a recent comparison of 
mathematical attainment in high-performing countries by Askew et al 
(2010) for the Nuffield Foundation, who devote a section to “The Language 
of Number”. Within this they consider whether early differences in Asian 
languages could contribute to the different addition strategies that have been 
observed among Asian children based on partitioning digits rather than 
counting in ones, compared to those observed among their American peers. 
They speculate whether this may contribute to the higher attainment of the 
Chinese children. 
 
Considering the way that algebra is defined within the National Curriculum 
Framework in England, in terms of being generalised arithmetic, it could be 
argued that the understanding of the concept of the order of operations is a 
first step to acquiring this feel for the logic of algebra. This is why the 
question 4 + 2 × 5 was regarded as such a fundamental part of a test of 
arithmetic and mathematical understanding. To feel the logic behind this 
calculation could be seen as a step towards understanding the meaning of an 
algebraic expression such as a + bc . This is certainly how the majority of 
texts set out these concepts in this country.    
 
1.2.1  Using Mnemonics 
The methods for teaching this topic can vary, but one common theme in 
some countries is to use a mnemonic to aid the memorisation of the order of 
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operations. In the UK this is commonly BIDMAS or BODMAS, as 
exemplified in figure 1.2: 
 
 
 
 
 
 
 
Figure 1.2   Exemplification of BODMAS and BIDMAS 
The last four operations are sometimes remembered by My Dear Aunt Sally 
which interestingly gives the letters in a different order. This is not incorrect 
since the order of the D and the M does not matter, but it could be argued 
that it creates more opportunity for confusion in pupils who are learning this 
concept. 
In the USA the mnemonic PEMDAS is commonly used, as exemplified in 
figure 1.3: 
 
 
 
 
 
Figure 1.3  Exemplification of PEMDAS used in the USA 
 
Brackets     Brackets 
Indices                Of (Order) 
Division     Division 
Multiplication     Multiplication 
Addition     Addition 
Subtraction      Subtraction 
 
Parentheses 
Exponents 
Multiplication 
Division 
Addition  
Subtraction 
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and  this is sometimes remembered by using 
Please Excuse My Dear Aunt Sally 
 
The use of mnemonic devices is quite commonly used in this country, in 
various contexts, for learning many kinds of facts, not just in mathematics. 
For example: 
 
Richard Of York Gave Battle In Vain 
For remembering the order of the colours of the rainbow: 
Red Orange Yellow Green Blue Indigo Violet 
 
In mathematics another commonly used mnemonic device is  
SOH CAH TOA 
Which is often used to remind pupils of the trigonometric ratios 
      
        
          
      
        
           
      
        
        

    Many mathematics teachers in the UK use the mnemonic “CAST” to 
remember which of the trigonometric ratios is positive in each quadrant of 
the unit circle, as shown in figure 1.4: 
 
                                                                                                
        
 
 Figure 1.4  “CAST” for remembering which trigonometric ratio is 
positive in each quadrant of the unit circle 
A 
C 
S 
T 
C:  Cosine 
A:  All 
S:  Sine 
T : Tangent 
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For expanding two brackets there is the “eyebrows and smile” approach as 
shown in figure 1.5: 
 
 
 
 
Figure 1.5  “Eyebrows and Smile” for remembering how to multiply 
two brackets together  
 
 
This is also sometimes taught using the mnemonic  FOIL  (First, Outside, 
Inside, Last) although clearly this is not at all necessary since the order in 
which the terms are multiplied together does not matter; indeed it seems 
confusing to suggest that there is a preferred order in which to multiply 
them. 
 
If a mnemonic is to be used, it is clearly important that the pupil understands 
the  context in which it is being applied; as pointed out by Tanner and Jones 
(2000)  
 
‘SOHCAHTOA is no use without knowledge of the association 
between sides and letters. Thus it should be learned in tandem with 
the lettering convention for right-angled triangles’     
(Tanner and Jones, 2000, p. 25)  
         

 
 
      (x + 2) (x + 3) 
 
 
         (x + 2) (x + 3) 
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However the order of arithmetic operations is not a fact, but a convention, 
where mathematical logic is applied, so it could be argued that the use of a 
mnemonic in this situation covers up the need for understanding the logic 
behind it; according to Tanner and Jones (2000) 
 
‘this is the point at which we think the use of mnemonics becomes 
dubious. BODMAS strikes us as a mnemonic which reduces a 
principled operation to mindless rule following’   
(Tanner and Jones, 2000, p. 25)  
 
 
Although this approach is used by many teachers in this country to 
encourage pupils to remember the “rule” it is clearly the understanding of 
the underlying principles and conventions that is essential for the 
convention to be put into practice.  This includes the understanding of index 
notation and the recognition of a fraction for division.  
 
Thus it is far from merely being a case of learning a mnemonic; a sound 
understanding of mathematical notation and structure is required in order to 
carry out a calculation of the type given in the Framework for Teaching 
Mathematics.  It is this deep understanding that lays the foundations for an 
understanding of algebraic structure. 
 
It is interesting to note that the use of mnemonics is not referred to at all in 
the National Curriculum documentation, and yet many text books and other 
resources encourage it. Some examples from recent school textbooks and 
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other classroom resources are given in Appendix B.  These text books and 
teaching resources are fairly typical of those used in secondary schools in 
the UK.  
 
In my visits to different mathematics classrooms I have often seen 
BODMAS or BIDMAS displayed in various ways around the classrooms. 
Some examples are included in figures 1.6 to 1.9: 
 
 
Figure 1.6  BODMAS on display in a mathematics classroom in the UK 
19 
 
 
 
 
 
 
 
Figure 1.7 BIDMAS over the whiteboard in a mathematics classroom in 
the UK 
 
 
 
Figure 1.8 “BODMASTER” in a display in a mathematics classroom in 
the UK 
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Figure 1.9 “BABY BIDMAS” in a display in a mathematics classroom 
in the UK 
 
In fact, BODMAS almost seems to have become accepted as a mathematical 
word in its own right. The instructions in this puzzle in a daily newspaper 
make the assumption that the readers will know what it means, as can be 
seen in figure 1.10: 
 
 
Figure 1.10 “Set Square” Puzzle  in The Times (22nd July 2010) 
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1.2.2 The use of calculators 
The role of the calculator in the teaching and learning of this mathematical 
concept is an interesting one, and in the Framework for Teaching 
Mathematics (DCSF, 2008) there are learning objectives which link the use 
of the calculator with the understanding of order of operations. The key 
learning objective states that pupils should be taught to carry out more 
complex calculations using the facilities of the calculator (DCSF, 2008 p. 
108) and an example of an expected outcome by year 9 is that pupils should 
be able to use a calculator to evaluate more complex expressions such as 
those with nested brackets or where the memory function could be used. 
(DCSF, 2008, p. 109) 
 
 
An example of a year 9 learning outcome is  
 
Find, to two decimal places, the value of  
(    ) (   ) 
(   ) 
 
        (DCSF, 2008a, p. 87) 
 
What the learning objectives do not make entirely clear are the significant 
differences faced by students using different types (and makes) of 
calculator.  Most scientific calculators will have brackets keys and operate 
with the correct conventions,  and may be classified as “Multiplication and 
Division First” (MDF)  whilst the majority of “basic” calculators will 
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operate on a Left to Right basis (LTR) which makes a calculation such as 
the one given above much more complex to carry out. Ironically, though, it 
is often the lower-achieving pupils who own a basic calculator and thus find 
the work even more complex. 
 
1.3 Aims and Research Questions  
My own experiences of teaching pupils about the order of operations have 
led me to see that many have difficulty with this concept; studies with adults 
(for example Dunne, 2010) confirm that these difficulties can remain 
through to adulthood.  I therefore wanted to investigate why pupils find this 
difficult and whether pupils in other countries experience the same 
difficulties as those in the UK, and I was interested to consider the factors 
that might be significant in pupils’ understanding and achievement in this 
area.  
The primary aim of this investigation was to examine the ways in which 
pupils perform calculations which require the correct use of the order of 
operations, to study the misconceptions and errors that may arise and to 
investigate the ways in which the children’s misconceptions and working 
styles may have been affected by the teaching methods employed.  
 
An important tool that was utilised in order to carry out this investigation 
was a piece of software that was developed as a research tool by Texas 
Instruments in conjunction with the University of Plymouth.  This software 
is called the Key Recorder and can be loaded onto the more recent models 
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of the TI graphics calculator. It has been used as a data collection tool in a 
small number of research projects (For example: Graham, Headlam, Honey, 
Sharp and Smith, (2003), Berry, Graham and Smith (2003), Smith (2003) 
Berry, Graham and Smith (2005), Berry, Graham and Smith (2006), Sheryn 
(2005),  Sheryn (2006a), Sheryn (2006b) Graham, Headlam., Sharp and 
Watson  (2007)). 
 
The study has involved children in the UK , Japan, the USA and the 
Netherlands. All the children had been taught about the Order of Operations 
and could therefore be expected to be able to perform calculations based 
upon these principles. The children were all in the age range 12 – 14 (Years 
8 and 9 in UK schools). 
 
My overall research aim was to investigate whether it was possible to 
categorise the misconceptions that were observed, and to determine how 
these might have been related to the nature of the mathematics curriculum 
and the approaches to teaching mathematics in the different countries. This 
study involved the analysis of pupils’ workings and calculator key 
recordings, along with interviews with pupils and teachers in order to 
investigate how the nature of the curriculum influences teaching methods 
and approaches, and how this in turn influences the way in which pupils 
understand and carry out calculations involving order.  
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The research questions that were to be addressed can be summarised as 
follows:  
 
 What misconceptions do children display when using the principles 
of order of operations in calculations? 
 
 How can these misconceptions be classified? 
 
 How might these misconceptions depend upon the teaching methods 
employed? 
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CHAPTER 2: A REVIEW OF THE LITERATURE 
2.0  Introduction 
The literature review in this chapter examines some of the relevant work 
carried out by other researchers on the themes of teaching and learning 
arithmetic and algebra, the theories about how children learn and the 
implications for teaching and for mathematics curriculum development.  
 
The first section of this chapter discusses the theories relating to pupil 
misconceptions, how children learn mathematics, why they make mistakes 
and how good teaching can be planned to avoid misconceptions, to identify 
misconceptions that already exist and to address them.  
 
The second section discusses numerical thinking and investigates some 
studies that have been carried out into the acquisition of ‘number sense’ and 
into teaching approaches and learning environments that can be effective in 
fostering it. 
 
The third section investigates and discusses the relationship between 
arithmetic and algebra, contrasting different theories of when and how 
algebra should be introduced and discussing the statement in the current 
mathematics framework in England that algebra should be viewed as 
‘generalised arithmetic’. Various studies into children’s acquisition of 
algebraic thinking are examined and discussed, and the implications for 
curriculum development are considered.  The understanding of arithmetic 
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and algebraic structure is considered, along with the implications for the 
nature of effective teaching and learning resources. 
 
The fourth section investigates the ways in which technology and 
calculators are currently used in the teaching and learning of number and 
algebra, the advantages and disadvantages of different uses of technology 
and the implications for teaching and learning and for the ways in which 
pupils are tested and assessed. 
 
The fifth section considers the theories behind the development of early 
algebra, and discusses the findings of researchers who have studied the 
development of algebraic thinking in children of primary age.  
 
 
2.1 Misconceptions 
Children can make mistakes in mathematics for a number of different 
reasons. They can be careless errors, due to a lack of concentration, failure 
to remember a mathematical fact or to pick out the correct information from 
a problem. They may, however, be the result of an underlying 
misconception.  
 
One of the underlying principles of constructivism is that children construct 
their own knowledge and understanding, and ‘as such we should not see 
mathematics as something that is taught but rather something that is learnt’ 
(Hansen, 2005,  p. 3).  It follows that if children construct their own 
meaning, they will at times make errors, and that a fundamental role of the 
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teacher is to understand how to make sense of the errors that children make 
and help them move to a correct understanding.  In order to do this 
effectively it is important to consider learning mathematics with regard to 
various aspects which need to include: the teacher, the curriculum, the 
classroom environment and the individual child.   
 
What is a misconception? According to Chambers (2010), 
‘Misconceptions are not the same as mistakes. Anyone can make 
mistakes in mathematics; mistakes can occur even when the 
underlying work is thoroughly understood and are likely to be the 
result of carelessness or tiredness.  Misconceptions are systematic 
errors. Misconceptions produce wrong answers but the arguments 
that lead to the answers can be explained, and the same error will be 
made time and time again. In other words, misconceptions are 
incorrect understandings of the mathematics’.     
     (Chambers, 2010, p.107) 
 
 
Rowlands et al (2005) suggest that a misconception can be viewed as  
 
‘A misunderstanding, an alternative understanding, an alternative 
concept, a different point of view?’ 
      (Rowlands et al, 2005, p. 3)   
 
 
Cockburn and Littler (2008) stress that misconceptions need not necessarily 
be viewed as ‘bad things’ and that ‘on the contrary, they often reveal much 
about children’s thinking and how they acquire – or not , as the case may be 
– an understanding of complex mathematical concepts’ (p. 3) and they make 
the point that children’s incorrect methods of tackling a problem can 
sometimes be used as a discussion point. 
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If a pupil brings a misconception to the learning of a new topic, this will 
affect the way in which they understand the new piece of mathematics that 
they are learning, and so the study of the nature of misconceptions is crucial 
to the way in which teachers plan their teaching.  It is essential for a teacher 
to be able to expect, recognise and identify misconceptions, to understand 
how they come about and how they can be prevented.  A teacher needs to 
consider how to avoid misconceptions being exacerbated by a certain 
teaching or learning approach, and it is also important to understand how 
misconceptions can be remedied. Shulman (1986, p.10) considers the study 
of misconceptions to be ‘the point at which research on learning and 
teaching coincide most closely’.  He considers the ways in which students’ 
conceptions and preconceptions affect their learning, and points out that  
‘if those preconceptions are misconceptions, which they so often are, 
teachers need knowledge of the strategies most likely to be fruitful in 
reorganizing the understanding of learners, because those learners 
are unlikely to appear before them as blank slates’ 
       (Shulman, 1986, p. 9) 
 
 
In considering how to teach to avoid misconceptions, Tanner and Jones 
(2000) point out that in order for learning to occur, then: 
 ‘The pupils need to appreciate that something is not quite right – to 
have a sense of unease about their current understanding; 
 The learning process needs to be important enough to the pupils for 
them to make the effort to change; 
 Just telling them is not enough – pupils need help to construct new 
knowledge and to connect it to their existing concepts’ 
(Tanner and Jones, 2000, p. 92) 
 
29 
 
 
 
 
 
 
Since the 1980s a considerable amount of research has been carried out into 
pupils’ mistakes in mathematics. The earlier studies include the reports of 
the Assessment of Performance Unit (Foxman et al, 1980) and the Concepts 
in Secondary Mathematics and Science Project (Hart, 1981) and since the 
development of the National Curriculum more recent studies have looked at 
children’s work in National Curriculum tests, such as Ryan and Williams 
(2000).  It is acknowledged that dealing with children’s misconceptions is 
an essential teaching skill for mathematics teachers and in 2002 the DfES  
produced a pack of training materials for teachers as part of the Key Stage 3 
National Strategy,  ‘Learning from mistakes, misunderstandings and 
misconceptions in mathematics at Key Stage 3’ (DfES, 2002)  in which it is 
acknowledged that ‘mistakes are often the result of consistent, alternative 
interpretations of mathematical ideas’ and that ‘such misconceptions should 
not be dismissed as “wrong thinking” as they may be necessary stages of 
conceptual development.’ It refers to ‘local generalisations’ in which 
children use their existing knowledge to infer generalisations which work 
within the limited domain of  their current knowledge, so for example a 
child who as only worked with natural numbers may conclude that the more 
digits a number has, the larger is its value, which does not necessarily 
extend to work with decimals.  
 
The importance of being able to identify and deal with misconceptions is 
highlighted in Ofsted’s report in September 2008,  ‘Mathematics: 
understanding the score’ in which it is acknowledged that in order to 
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improve pupils’ performance in mathematics ‘it is vitally important to shift 
from a narrow emphasis on disparate skills towards a focus on pupils’ 
mathematical understanding’ (Ofsted, 2008, p.4). 
 
In setting out the characteristics of good mathematics teaching the first 
category that is considered is ‘meeting needs and addressing 
misconceptions’ and a number of key features are considered in this 
category.  The listed features of good mathematics teaching include: 
 ‘Teaching features a successful focus on each pupil’s learning. 
 Teachers monitor all pupils’ understanding throughout the lesson, 
recognising quickly when pupils already understand the work or 
what their misconceptions might be. 
 The teacher listens carefully and interprets pupils’ comments 
correctly, building on pupils’ contributions, questions and 
misconceptions to aid learning, flexibly adapting to meet needs and 
confidently departing from plans. 
 Teachers’ marking identifies errors and underlying misconceptions 
and helps pupils to overcome difficulties’.            (Ofsted 2008, p.4) 
 
 
The importance of understanding, recognising and dealing effectively with 
pupils’ misconceptions was highlighted as one of the major elements in 
planning and teaching mathematics set out within the ‘Secondary 
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Mathematics Planning Toolkit’ produced by the DCSF(2008b) to provide 
guidance for teachers in delivering the most recent programmes of study  in 
the National Curriculum in England. The components of this toolkit are 
shown in figure 2.1: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.1 Components of a secondary mathematics planning toolkit 
(DCSF, 2008b) 
 
 
Whilst it is acknowledged that identifying pupils’ misconceptions is a vital 
component of effective mathematics teaching, it is also the case that 
teachers do not always find it easy to draw the distinction between 
misconceptions and other errors, and it was noted by Ofsted (1994) that 
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many teachers have difficulty in distinguishing between ‘simple careless 
errors’ and ‘fundamental lack of understanding’ (p.4) . In their study into 
effective teachers of numeracy, Askew et al (1997, p. 3) categorised 
teachers according to their beliefs, and this included beliefs about the 
possible difficulties that pupils may face when they learn.  Some teachers 
were observed to put pupil errors down to a failure to grasp what has been 
taught, with the remedy being reinforcement of what is believed to be the 
correct method.  Other teachers saw mistakes as an indication that the pupils 
are not ready for the ideas being taught, whilst the teachers who were 
considered to be the most effective saw the need to recognise and work on 
pupil misconceptions. Askew and Wiliam (1995) suggest that although it is 
impossible to avoid any misconceptions arising, the careful choice of 
examples can reduce the occurrence of misconceptions.  They observe that 
the most common approach is to start with simple examples and move on to 
more complex examples, but suggest that this can be counter-productive due 
to the fact that pupils often solve simple examples intuitively, without 
knowing how they solved them, and are then unable to apply this method to 
more complex questions.  As an example they consider teaching methods of 
solving equations, where they suggest that it might be better to start with 
equations that cannot be easily solved by “spotting” the solution or by trial 
and error.  
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It is acknowledged that trainee teachers should be required to consider the 
nature of children’s errors and misconceptions and this is a required 
component of Initial Teacher Training (DfEE 1997, DfEE 1998)  
‘Trainees must be taught to recognise common pupil errors and 
misconceptions in mathematics, and to understand how these arise, 
how they can be prevented, and how to remedy them’   
(DfEE, 1998, p. 57)  
 
 
Swan (2001, p. 151) likens this simplistic approach to administering a 
medical ‘treatment’ , as if some standard procedures exist which can be 
delivered to trainee teachers so that they can eradicate the problem. The 
main focus appears to be the preventability of mathematical errors.  
Educational researchers differ as to whether this is possible or even 
desirable. For example, Koshy et al (2000) report that when primary school 
children make mistakes they can express strong feelings of anger, frustration 
and disappointment, which suggests that it is beneficial to teach to avoid 
errors, and yet there is also research evidence to suggest that mathematical 
errors can provide an insight into the way that children think, and that the 
effective provision of assessment for learning can enable children to learn 
from their mistakes. For example Askew and William assert that ‘learning 
is more effective when common misconceptions are addressed, exposed and 
discussed in teaching’ (Askew and William, 1995, p.12) and they point to a 
feature which emerged from the Diagnostic Teaching Project conducted at 
Nottingham University’s Shell Centre for Mathematical Education (Bell, 
1993) in which it was found that addressing mathematical misconceptions 
during teaching does improve achievement and long-term retention of 
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mathematical skills and concepts. Swan suggests that despite what they are 
taught, children seem to make the same mathematical errors and construct 
their own alternative meanings for mathematics, all over the world.  It is 
clearly important that the issue of dealing with misconceptions needs to  be 
addressed in Initial Teacher Training programmes.  Houssart and Weller 
(1999), noted that many student teachers found it difficult to engage with 
the idea of the difference between a misconception and an error, but also 
found that this type of categorisation could actually prove unhelpful at 
times, when some students   
‘drew a sharp distinction between misconceptions, due to 
misunderstanding and requiring action and “just errors” due to 
carelessness and not requiring action’  
(Houssart and Weller, 1999, p. 56)   
Six key questions identified by Swan (2001, p. 147) are as follows: 
 Why do people make mistakes in mathematics? 
 What does it mean to understand a concept in mathematics? 
 What can we do about misconceptions? Can they be avoided? 
 How do we help pupils to modify their misunderstandings? 
 How can we structure lessons to facilitate this modification? 
 What obstacles are there to this form of teaching? 
 
One important finding of the research into errors is that errors are usually 
not just thoughtless or random attempts to solve an unfamiliar problem, but 
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are often the result of sensible and systematic strategies which a pupil has 
learned but then wrongly applied in a different situation.  
 
There are various theoretical perspectives on how teachers should view the 
errors that their pupils make.  Lannin et al (2007, p. 44) describe the way 
that many teachers in the USA apply a behaviourist view of learning when 
trying to eliminate pupil errors.  This perspective involves the provision of 
positive reinforcement when pupils produce correct answers and either 
negative reinforcement or lack of positive reinforcement when errors are 
made.  Errors are viewed as incorrect behaviours that need to be replaced 
with correct behaviours.  The way in which mistakes are corrected involves 
repeated practice with correct procedures and the decomposition of 
procedures into small, manageable chunks.  However as Dubinsky (1991, p. 
121) suggests, whilst ‘doing examples’ can serve to reinforce the concepts 
that are already in the pupil’s mind, working with examples does not 
necessarily help with the construction of concepts.  Dubinsky argues that  
‘It is a major aspect of our theory that understanding mathematical 
ideas comes from sources other than looking at many examples and 
“abstracting their common features” , which is what happens if 
there is only empirical abstraction. Something more is needed and 
we suggest that it is precisely the construction aspects of reflective 
abstraction’  
(Dubinsky, 1991, p. 121)  
 
Reflective abstraction is a concept that was introduced by Piaget (Piaget, 
1969), who used it to describe the way in which mathematical structures are 
constructed in the process of cognitive development.   
 
36 
 
 
 
 
 
 
Another view of errors referred to by Lannin et al (2007, p. 44) is ‘repair 
theory’  which acknowledges that pupils may deal with unfamiliar situations 
by using and adapting a familiar strategy which appears to be a reasonable 
way of approaching an unfamiliar situation.  So, pupils ‘repair’ a new 
situation by substituting what they view as a reasonable strategy. 
 
2.1.1 Teaching approaches 
Research into effective teaching of numeracy (Askew et al, 1997) 
highlighted the importance of discussion between pupil and teacher.  This 
put forward the view that mathematics teaching and learning are one, 
emphasising the importance of focused discussion between teacher and 
pupil. This fits with the social constructivist view on learning and teaching.  
 
The notion of  ‘cognitive conflict’ is considered by Tanner and Jones (2000) 
who consider the process of restructuring thinking in order to accommodate 
new knowledge, and acknowledge that  ‘such restructuring is hard work as 
it requires deliberate mental effort and a recognition by the pupils that their 
existing concepts are inadequate in some way’  (p. 92)   
 
In earlier research into ‘cognitive conflict’ Bell (1993) suggested that 
children derive greater benefit when they encounter misconceptions through 
their own work than when teachers choose to draw attention to potential 
errors and misconceptions. The age of the child is an important factor here, 
and much of the research in this field (eg Swan, 2001) has been with 
children in Key Stages 3 and 4.  However there is an expectation that all 
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children in a primary school should be encouraged to explain their 
mathematical ideas and methods (Askew et al, 1997). The emphasis should 
be on encouraging dialogue, allowing it to be sustained, and using the 
results to establish connections and address misconceptions.   
 
In the Diagnostic Teaching Project based at Nottingham University Shell 
Centre, (Bell, 1993) a teaching methodology called Diagnostic Teaching 
was used with teaching packages that were designed to elicit and address 
children’s misconceptions. They set out to encourage a process of 
discussion and articulation of conflicting points of view so that a conflict is 
resolved and new learning is consolidated. This project reported the long-
term retention of mathematical skills and improvements in achievement.  
In considering the way in which teachers need to respond to children’s 
errors,  Drews (2005) acknowledges that  
‘A teacher’s response to dealing with a child’s mathematical error 
demands skill in diagnostic terms: different responses will be 
appropriate depending upon the nature (and frequency) of the error 
observed’  
(Drews, 2005, p. 14)  
 
She also points out that errors can sometimes be exacerbated by teachers 
making assumptions about children’s experiences.  Incorrect resources can 
also result in children making errors. As an example of this Drews describes 
how a number line  
‘can only be an effective tool for assisting “counting on” and 
“counting back” if children are shown, and understand, how to 
count on/back from the first number without including that number 
in the count’. 
(Drews, 2005, p. 15)   
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In addressing the question of whether we should teach to avoid 
mathematical errors and misconceptions, she concludes that ‘teaching to 
avoid children developing misconceptions appears to be unhelpful and 
could result in misconceptions being hidden from the teacher (and from the 
children themselves)’ (Drews, 2005, p. 21).  This means that in planning 
mathematics lessons, instead of trying to plan to avoid errors and 
misconceptions occurring, teachers should actively plan to confront children 
with carefully chosen examples that will allow for ‘accommodation’ which 
she describes as ‘presenting the children with “uncomfortable learning” as 
previously assimilated knowledge has to be revisited, reshaped and 
challenged’  (Drews 2005, p.17).  
 
2.2   Numerical Thinking  
Research studies increasingly point towards evidence that we have an 
inbuilt ‘number sense’  which supports approximate numerical operations 
(for example Cordes et al, 2005, Dehaene, 1997)  Indeed it is argued by 
Attridge et al (2009) that it is the disconnect between this approximate 
number system and formal symbolic mathematics which can cause the 
difficulties exhibited in dyscalculia.  
 
Verschaffel et al (2006) describe the learning of number as part of the 
process of developing a  ‘mathematical disposition’  and put  this in the 
context of what Lerman (2000) describes as the  ‘social turn in mathematics 
education research’.   In considering the key characteristics of learning 
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environments that enhance children’s early development of a mathematical 
disposition, Gravemeijer and Kindt (2001) point to the five design principles 
of the Realistic Mathematics Education (RME) approach in the Netherlands 
as providing a good summary of the key characteristics of these 
environments: 
 Learning mathematics is a constructive activity, which means that 
children gather, discover and create their own mathematical 
knowledge and skills in the course of some social activity that has a 
purpose 
 The use of meaningful or realistic context problems as anchoring 
points for the children to develop (or re-invent) their own 
mathematical knowledge and skills, and to prevent mathematics 
becoming separated from reality 
 Progressing towards higher levels of abstraction and formalisation, 
using carefully chosen mathematical models and tools as scaffolds to 
bridge the gap between, on the one hand,  children’s intuitive 
notions and informal strategies, and , on the other hand, the 
concepts and procedures of formal mathematics 
 Learning through social interaction and cooperation, which are 
considered as essential tools to mobilise children to reflect on their 
own constructions and thus to enhance their progressive 
development towards higher level concepts and strategies  
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 Interconnecting the various learning strands within mathematics 
teaching (eg strategies for different arithmetic operations) to allow 
the construction of a well-organised knowledge base.  
(Gravemeijer and Kindt, 2001, p. 200).  
 
The development of the research strategy and the theory of mathematics 
pedagogy known as RME began in the Netherlands when the Freudenthal 
Institute was set up in 1971. It is now used throughout the Netherlands and 
has since been developed to some extent in the USA and the UK.  In the 
USA the University of Wisconsin started to collaborate with the Freudenthal 
Institute in 1991 in order to develop an approach called Mathematics in 
Context which was adopted by a number of school districts and has been 
found to have produced a significant improvement in pupil achievement, 
which has been documented by Senk et al (2003). In the UK  the 
Mathematics in Context materials were used in a project set up by the 
Centre for Mathematics Education at Manchester Metropolitan University 
(MMU) in 2003 and over three years the project team found that the pupils’ 
problem-solving approaches changed, which influenced the way in which 
they understood mathematics  (Dickinson and Eade, 2005). The summary of 
the trial of the RME approaches (Dickinson and Hough, 2011) suggests that 
misconceptions might be effectively addressed by using a contextual 
approach. The principles and approaches used in RME are described in 
further detail in chapter 9.  In primary school, it is also suggested by 
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Vorderman et al (2011) that mathematics should be met in a variety of 
contexts as often as possible across the curriculum 
 
2.3 Arithmetic and algebra  
‘The language of mathematics, as any language, is the result of 
conventions agreed upon by a society.  The conventions for symbol 
orderings and their meaning need to be generally accepted, 
consistently modelled and clearly taught’  
(Lee and Messner, 2000,  p. 173) 
 
As children learn about the number system and start to work with arithmetic 
operations, they soon come across the need for convention and the use of 
symbols to express their thinking.  From considering specific examples, 
‘every learner who starts school has already displayed the power to 
generalise and abstract from particular cases, and this is the root of 
algebra’  (Mason, 2006, p.2)  and when expressing generality, algebra 
provides the language and symbol system to do this.  In this section the 
various views and philosophies that underpin the teaching and learning of 
arithmetic and algebra will be examined and discussed, with relation to the 
ways in which these philosophies have informed the development of 
mathematics curricula. 
There is a considerable body of research into the nature of ‘the track from 
arithmetic to algebra’ (Lee and Wheeler, 1989) and into the problems that 
pupils experience in early algebra (eg Keiran, 1989, 2007,  Slavit ,1998,  
Lins and Kaput, 2004) but it has been noted by Livneh and Linchevski that  
‘what is lacking, however, is a sufficient theoretical definition as for what 
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will be considered as “difficulties with numerical structures”  (Livneh and 
Linchevski, 2007, p. 217)  and that there is a need for further research into 
‘the underlying assumption that the understanding of the structural rules in 
arithmetic is a key for understanding the corresponding parts in algebra’ 
(Livneh and Linchevski, 2007, p. 217)  In Watson’s review of  research into 
children’s  algebraic reasoning (Watson, 2009)  she pointed to earlier 
research studies such as Hart (1981)  and the APU (Foxman et al, 1985) 
which suggested that the understanding of operations is a greater problem 
than the use of symbols, and in her conclusions recognised that  ‘algebra is 
not just generalised arithmetic; there are significant differences between 
arithmetical and algebraic approaches’  (Watson, 2009, p. 11) In her 
conclusions Watson also suggested that learning rules is not always 
effective, and that pupils need to develop ‘new priorities’ (Watson, 2009, p. 
19) 
 
 
2.3.1 Structure and order in arithmetic and algebra 
‘Traditionally the focus of elementary mathematics has been deeply 
oriented to arithmetic and computation, with little attention given to 
the relationships and structure underlying simple arithmetic tasks’  
(Blanton and Kaput ,2002, p.105)  
 
Many recent studies on the learning of arithmetic have focused on the 
understanding of the structural properties of number systems and operations.  
This shift in emphasis raises significant questions about the sequential view 
that arithmetic comes first, followed by a transition to algebra.  There are 
different terminologies that reflect this shift in thinking, such as ‘pre-
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algebra’, ‘emergent algebra’ (Ainley, 1999)  ‘incipient algebraic thinking’ 
(Friedlander, Herschkowitz and Arcavi, 1989) and this leads to the 
consideration of the  idea that algebra should be integrated with arithmetic 
from a young age (Freiman and Lee, 2004). 
 
Various research studies (for example Herscovics and Linchevski, 1994) 
have pointed to a gap or separation between arithmetic and algebra, which 
many students struggle to negotiate successfully.  However there is also 
much evidence to suggest that the relationship between arithmetic and 
algebra may be successfully and more usefully regarded as a continuum (for 
example  Carraher, Schliemann and Brinzuela, 2001) and that algebraic 
thinking may be fostered and developed through appropriate and well- 
thought-through arithmetic activities.  
 
In considering the ways in which algebra is developed in different countries, 
the relationship between algebra and arithmetic is frequently characterised 
by the definition of algebra as ‘generalised arithmetic’. This is the 
definition that is given in the current National Curriculum Framework for 
Mathematics (DCSF 2008a) within the Range and Content (section 3) of the 
Key Stage 3 Framework. Here it is stated that  
‘The study of mathematics should include :   
 3.1  (e)  algebra as generalised arithmetic’             
(DCSF, 2008a, p. 145) 
 
 
Thus, despite the more recent research evidence, the view of ‘arithmetic 
then algebra’ dominates school curricula in this and many other countries. 
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The reason for this, according to Lins and Kaput (2004)  ‘can be found in 
the strong dominance of Piagetian constructivism. As algebra would require 
formal thinking, while arithmetic would not, and as formal thinking would 
correspond to a later developmental stage, algebra should come later than 
arithmetic’  (p. 50).  This is seen in the work of Kuchemann (1981) for the 
Concepts in Secondary Mathematics and Science (CSMS) project in which 
he combined the view of algebra as generalised arithmetic with the 
Piagetian developmental view.  Lins and Kaput (2004) argue that ‘the most 
visible result of Kuchemann’s work is a reported link between different uses 
of letters in “generalised arithmetic” and Piaget’s levels of intellectual 
development’  
 
Kieran (2006) in her summary of research on the learning and teaching of 
algebra from the late-1970s describes the ‘early years’ of research into 
algebra as being a time when the community of algebra researchers  
‘generally considered the algebra curriculum as a given, focusing 
attention primarily on students’ thinking and methods as they 
encountered the symbols and procedures that were the standard 
algebra fare in the beginning years of high school’  
(Kieran, 2006, p. 13).  
 
She describes the historical development of algebra as a backdrop to the 
way in which researchers thought about the development of students’ usage 
of symbolism, and points out that the perspective at that time was the view 
of algebra as generalised arithmetic. This viewpoint led to the belief that 
meaning for algebra was something that needed to be derived from 
numerical foundations.  This, however, led to discontinuities for students 
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beginning algebra due to the fact that the signs and symbols in algebra were 
often interpreted differently from the ways in which they were interpreted in 
arithmetic.  
 
Another discontinuity that has been recognised stems from the difficulty 
that students have been seen to have with the introduction of formal 
representations and methods needed to solve problems that have previously 
been solved intuitively. Kieran (2006) suggests that ‘because arithmetic is 
largely procedural, students are used to thinking about the operations they 
use to solve a problem rather than the operations that they should use to 
represent the relations of the problem situation’ (p. 15)  She points to 
various studies which have found evidence of students’ preference for 
arithmetic reasoning and difficulties with the use of equations to solve word 
problems, and points to evidence that suggests that for many students 
learning early algebra, reasoning and symbolising appear to develop as 
independent capabilities. This is seen when students are able to write an 
equation to represent a problem, but then revert to informal methods to 
solve the problem rather than using the equation.  
 
There have been a considerable number of research studies into the issue of 
students’ awareness of structure and order within arithmetic and algebraic 
expressions (e.g. Kieran, 1989, Wagner, Rachlin and Jensen ,1984, 
Linchevski and Livneh ,1999) and this has extended to work on the visual 
characteristics of the symbols used, and how this impacts on the 
understanding of algebraic rules and conventions. Hewitt (2003a) concluded 
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that the mathematical structure and visual impact of the notation had an 
effect on the way in which an equation was manipulated. He presented 
students with arithmetical equations written in words, and found that 
students generally ordered the operations as they read them: left to right. 
However the position of the equals sign was revealed to be significant in the 
way in which the students interpreted the written statements, and could 
encourage them to make a ‘mental break’ in statements which would lead to 
a correct interpretation of the order within the arithmetic. For example, 
when initially faced with the word statement ‘two plus one times three 
equals nine’, 20 out 29 pupils thought this was correct, but after being given 
statements that had the equals sign in the middle, for example ‘two plus 
seven equals three times three’  the pupils then had more success with the 
statement ‘three plus two times four equals eleven’ with 15 out 29 
identifying this as correct. Hewitt conjectured that ‘a number of students 
had become practised at making such a mental break in statements and 
could see a way of creating a break in the final statement to make that 
statement correct’  (Hewitt, 2003a, p.67)  In another study, Hewitt (2003b) 
considered students’ reading of formal algebraic notation and observed that 
many of the errors made by students could be accounted for by the strict 
left-to-right reading of formally written arithmetic statements.  He also 
considered how students read word statements, acknowledging that              
‘expressing non left-to-right order in written words can be problematic as 
well since words do not possess a set of notational conventions, such as 
brackets’ (Hewitt, 2003b, p. 34). Goldenberg et al (2010) pointed out that 
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when children read, they need to “decode” printed text and symbols, which 
involves unlearning a principle that applies to almost everything else that 
they see in their life.  They give an example of how babies at first learn to 
recognise a bottle that is handed to them in the correct orientation, and at 
first will not recognise it if handed to them facing away, but then soon learn 
to recognise objects regardless of their orientation. Humans have evolved to 
see the same object despite different retinal images, as long as those images 
could be made “the same” under rotation, reflection, dilation or certain 
projective transformations. However when we start to read,  the letters d, b, 
q and p are the same shape and differ only by rotation and reflection and we 
need to see them as different objects.  The words  was and saw need to be 
seen as different, and yet when it comes to 2 + 5  this must be seen as the 
same as 5 + 2 ,  although on a number line they could be seen as different 
journeys, as demonstrated in figure 2.2: 
 
                                                                
 
 
 
                 
 
 
Figure 2.2  representations of 2 + 5 = 7  and 5 + 2 = 7 on a number line 
 
2 7 
5 7 
+ 2  
+ 5 
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Or as groups of objects, as demonstrated in figure 2.3:  
 
                          the same as                              
 
Figure 2.3 representations of 2 + 5 = 7 and 5 + 2 = 7 as groups of objects 
 
Hence, written symbols can present major challenges that spoken symbols 
do not. When Dickinson et al (2010) presented the question    
 
  
  
 
 
   to 
foundation level year 11 pupils just before taking their GCSE mathematics 
examination, 53% of them got it wrong, the most frequent incorrect 
response being  
 
 
 .  Pupils for whom the meaning is not already strongly 
established tend to see an addition sign and simply add everything in sight. 
If the question had been spoken, or illustrated by a picture, the attention 
would have been focused away from the whole number parts of the 
fractions, and the fractions would have been more likely to be seen as single 
objects.  Mathematical reading and writing is very different to prose 
reading. Symbolic expressions require attention to vertical as well as 
horizontal position: for example 2³ must be seen as different from 23.  
 
Lee and Messner (2000) performed an analysis of concatenations and order 
of operations in written mathematics.  They describe a concatenation as 
follows: 
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‘Concatenations are a characteristic of the written language of 
mathematics, the positioning of symbols next to each other to imply 
an operation without a symbol for the operation’.  
 (Lee and Messner, 2000, p. 173) 
 
Some examples of this are given as: 
 
The number 56 implies place value, the meaning of 5 as 50 and the 
operation of addition between 50 and 6 
 
The mixed numeral  
 
 
 which implies the operation of addition between 8 
and 
 
 
 
 
6y  which implies the operation of multiplication between 6 and y  
2.364E8 implies the operation of multiplication and exponentiation with the 
base 10.    
  (Lee and Messner, 2000, p.173) 
 
This throws up a conflict between concatenations in arithmetic, such as 
place value and mixed numerals, and concatenations in algebra, where the 
implied operation is multiplication.  Some examples of algebraic errors were 
given by Matz (1980) as: 
1. Evaluating 4x when x = 6 as 46 or 46x 
2. Evaluating xy when x = -3 and y = -5 as -8 
3. (a)  Evaluating 2(-3) as -1 
(b) Evaluating (-1)³ as -3 
      4.  Parsing 3R² as 3 + R² or (3R)²      
(Matz, 1980, p.98) 
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If not addressed, these misconceptions will remain. Lee and Messner (2000) 
looked at the difficulties faced by adult learners who had studied applied 
mathematics over many years, and suggested that these difficulties  ‘may 
have been created by instruction’  (p.174).  They gave evidence of three 
particular examples of difficulties that these students displayed:  
 
Interpreting  
 
 
  as a multiplication  
Discussion indicated that the adults were referring to the algorithm used to 
change mixed numbers to improper fractions, where the first step is to 
multiply the whole number part by the denominator of the fraction part. 
 
This is partly explained by Matz (1980) in his theory of algebraic 
competence which proposes that  ‘errors are the results of reasonable, 
though unsuccessful, attempts to adapt previously acquired knowledge to a 
new situation’ (p. 94)  
 
 
Interpreting    
 
 
  as [(3) (-8) +1] / 3  or 
   
 
  
This is another example of attempting to use a previously learned algorithm 
which treats the whole number , the numerator of the fraction and the 
denominator of the fraction as separate numbers, without seeing the number 
  
 
 
   as a number itself, with a place on the number line.  
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Interpretation of -3² as 9 or -9 ?  
There is confusion about the meaning of negative numbers with an exponent 
when there is no indication of grouping. It can be argued that the answer 
should be 9 since the negative, or additive inverse, sign should be 
considered as part of the number and should therefore give an answer of 9. 
However, if the negative sign is interpreted as being a multiplication by -1 
then this should be carried out after the exponent and therefore give an 
answer of -9.   This is further confused by the way in which different 
calculators carry out this operation.  In order to avoid confusion, many text 
books will put negative numbers in brackets eg: (-3)² which clarifies the 
order and should yield an answer of 9.  
 
A fourth level of difficulty is given by Lee and Messner as the “towering” 
of exponents. An example of this is  
  
 
 
 
Lee and Messner point out that the convention for dealing with this is not 
well established. This type of calculation is not dealt with specifically in the 
Mathematics exemplification of the National Curriculum Framework 
(DCSF, 2008b); the guidance for calculations without brackets is given as:  
‘With strings of multiplications or divisions, or strings of additions 
and subtractions, with no brackets, the convention is to work from 
left to right’ 
       (DCSF, 2008b, p.86) 
 
So an extension of this statement would be to interpret the above statement 
as a string of multiplications and thus work from left to right. 
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 A left to right ordering gives  (  )   =    =      
 A right to left ordering gives  ( 
 ) =    = 512 
 
Although the first answer of 64 is conventionally accepted to be the correct 
answer, an example of this inconsistency is given by the way in which 
different calculators deal with this calculation.  At the time of Lee and 
Messner’s study the TI82 graphics calculator was in popular use, and this 
gave the answer as 64, whereas the TI92 graphics calculator gave the 
answer as 512.   If brackets are not used, there is a need for conventions 
which are more generally and consistently accepted.  
 
The principle of the Order of Operations is a fundamental cornerstone of the 
understanding of arithmetic and algebra.  If algebra is regarded as 
generalised arithmetic, it could therefore be argued that a clear 
understanding of how to correctly perform arithmetic calculations is an 
essential prerequisite to the beginnings of the understanding of algebraic 
structure and to the ability to understand and apply the principles of 
algebraic convention correctly.  This is certainly the approach that is 
promoted by the structure of the National Curriculum Framework, and 
which can be seen in the vast majority of classroom resources that are 
currently available in the UK.  Despite the fact that in a recent report by 
Watson and Nunes (2009), commissioned by the Nuffield Foundation, it 
was recommended that  
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‘Teachers should avoid using published and web-based materials 
which exacerbate the difficulties by over-simplifying the transition 
from arithmetic to algebraic expression, mechanising algebraic 
transformation and focusing on “arithmetic with letters”   
(Watson and Nunes, 2009, p 34) 
 
Nevertheless these types of classroom material are used extensively in 
mathematics classrooms in the United Kingdom, and in line with the 
structure of the Framework guidance, algebra is frequently developed in 
these terms as a transition from arithmetic to algebra. Examples of such 
classroom materials are given in appendix B.  
 
However an alternative view is given by Hewitt (2010), who argues that 
despite the view of Vygotsky that …  ‘algebra is harder than arithmetic’ 
(p.19),  in fact ‘arithmetic is impossible without algebra’ (p. 19). Hewitt 
discusses the way in which finding structure in carrying out arithmetic 
calculations leads to an ‘awareness of awareness’ (p. 21) which is involved 
in working algebraically. He recognises that ‘finding structure in order to 
help carry out something efficiently and effectively is a human activity’ (p. 
23) and describes how an awareness of algebraic structure can be promoted 
through activities which involve a ‘shift of attention’.  This, he argues, is 
because  
‘Arithmetic is concerned with getting answers. Algebra shifts 
attention from answers to what is required to be done to get an 
answer, namely operations’.   
(Hewitt 2010, p. 21)  
 
Within the review for the Nuffield Foundation in 2009, Anne Watson 
produced a section on Algebraic Reasoning.  In this she states that  
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‘In the United States, there is a strong commitment to arithmetic, 
particularly fluency with fractions, to be seen as an essential 
precursor to algebra’  
(Watson, 2009, p. 9) 
 
Whilst she accepts that number sense precedes formal algebra in age-related 
developmental terms, she describes this as a ‘one-way relationship’ and 
asserts that this is ‘far from obvious in mathematical terms’.  Her argument 
is that in the United Kingdom, where secondary algebra is not taught 
separately from other mathematics,  
‘Integration across mathematics makes a two-way relationship 
possible, seeing arithmetic as particular instances of algebraic 
structures which have the added feature that they can be calculated’. 
 (Watson, 2009, p. 9) 
 
In considering the nature of algebra, Katz (2007, p.185) pointed out that 
very few secondary school textbooks give a definition of the subject, and 
looks back to its historical development for a definition: 
‘Algebra is a General Method of Computation by certain Signs and 
Symbols which have been contrived for this Purpose, and found 
convenient. It is called a Universal Arithmetic, founded upon the 
same Principles’  
(Maclaurin 1748, p. 1)  
 
The National Numeracy Strategy (DfEE, 1999) in speaking of ‘Laying the 
Foundations for Algebra’ makes it clear that structural thinking about 
number and number operations might be considered to be the essence of 
algebra.  It recognises that  
 
‘Algebra is a compact language which follows precise conventions 
and rules. Formal algebra does not begin until Key Stage 3 but you 
need to lay the foundations in Key Stages 1 and 2 by providing early 
algebraic activities from which later work in algebra can develop’.    
(DfEE, 1999, p. 9) 
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One important strategy in laying the foundations for algebra is to express 
relationships in words before moving on to interpreting this expression 
using symbols. Hewitt (2005) conducted a study in which he investigated 
the ways in which students interpret and write arithmetic equations in 
formal notation and their reading of equivalent word statements.  He 
observed that  
‘Words in English are written left-to-right so there is a natural 
temporal order created as someone reads. However, some 
mathematical expressions are difficult to express within such a linear 
order, hence non-linear symbolic conventions have been created 
which make use of vertical placement as well as horizontal 
placement’.   
(Hewitt, 2005, p. 61)  
 
 
The link between algebraic expressions and the associated verbalisation is 
an important one when looking at the ways in which pupils solve equations 
and draw upon their arithmetic understanding in doing so.  
The perspective on the way in which pupils’ learning of algebraic 
symbolisation depends upon their language proficiency was explored by 
MacGregor and Price (1999) who investigated whether the three cognitive 
components of symbol, syntax and ambiguity are associated with success in 
learning algebraic notation.  Their research was based upon findings that 
had identified a relationship between language proficiency and 
mathematical achievement (for example Secada, 1992) and they adopted the 
term ‘metalinguistic awareness’ which enables a pupil to view text as an 
object and to reflect upon structural and functional aspects of it. This 
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process is equated with analysing structure and manipulating expressions 
within algebra.  In their conclusions they suggest that  
‘Teachers need to know whether there is a route by which such 
students can overcome the barrier of the notation system and gain 
access to the realm of important algebraic ideas’  
(MacGregor and Price, 1999, p.463) 
 
The issues of verbalisation and the use of spoken and written language are 
clearly significant in the acquisition of an appreciation of convention and 
notation.  Pirie (2005) addressed the teaching of linear equations and the 
approach of working with the notion of inverse operations.  This approach 
relies upon a clear understanding of the order of operations so that the order 
can be reversed when the inverse approach is applied.  In particular Pirie 
looked at the meaning of the equals sign.   She investigated the solution of 
simple linear equations such as 2x – 3 = 5 looking at the interpretation as 
being verbalised in the form “twice something take away 3 gives 5”   This 
form of verbalisation would give rise to a solution being sought by carrying 
out the inverse operation of adding 3 followed by dividing by 2, provided 
that the principle of order of operations is understood.  Pirie noted that  
‘since most school text books introduce algebra by linking it to 
arithmetic it should be no surprise that pupils should seek to transfer 
the associated linguistic understanding as well’.   
(Pirie, 2005, p. 35)  
 
This links to the work of Lins (1992) who proposed a framework within 
which it is possible to understand what algebraic thinking is, and in which is 
it is possible to determine different facility levels between problems with the 
same underlying algebraic structure.  Lins argued that ‘The arithmetical 
operations are a fundamental model for our understanding of the algebraic 
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operations’  (p. 56) and looked at the interpretation of an algebraic problem 
as an operation within different  ‘Semantical Fields’, (p. 56)   arguing that 
by operating within a ‘Numerical Semantical Field’ (p. 56) the arithmetic 
operations and the equals sign become  ‘objects’ used as  ‘tools’ (p. 57).  
 
When considering the links between arithmetic and algebra it is necessary to 
consider how students use their previous arithmetic knowledge in dealing 
with new problems, and how the aspects of their understanding of arithmetic 
operations are brought to the surface in the resolution of new problems.  
Sadovsky and Sessa (2005) refer to the  ‘epistemological and didactic 
rupture’ (p. 91)  involved in this process. This means that children need to 
use previous arithmetic knowledge in order to deal with new problems 
involving variables, and sometimes this involves a gap or rupture where 
there is a need to apply previous knowledge to a new situation. This can 
occur when the teacher does not match their teaching to the pupils’ 
knowledge.   They investigated the possible strategies that students took 
when solving problems which were aimed at moving towards 
generalisations of arithmetic solutions to problems. In their conclusions they 
discuss the ‘elements of knowledge which emerge in the wake of the 
introduction of problems with one degree of freedom between their 
variables’ (p. 108).They look at the process of knowledge production in the 
class, where each number is the result of a specific calculation and where 
the pupils develop the idea of a variable through the process of producing 
solutions.  In describing the process of knowledge production they identify 
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the emergence of ‘micro-knowledge’  which they describe as the  ‘necessary 
fuel’ (p.108) for algebraic work.  The understanding of arithmetic order may 
be considered to be such an element of ‘micro-knowledge’ (p. 108). 
But is a solid understanding of numerical concepts sufficient for the 
effective acquisition of algebraic concepts?  How do students think about 
algebra? Do they ‘encapsulate algebraic equations from process to object?’  
This question was posed in a study by Nogueira de Lima and Tall (2007, 
p.3) who considered a theoretical framework which builds from natural 
human functioning in terms of ‘embodiment ‘,  to shift to the use of 
symbolism to solve linear equations. In this analysis the conceptual 
framework was seen in terms of  ‘conceptual embodiment’ which is 
essentially that moment when a pupil is able to fully understand a concept 
rather than working in a procedural manner,  based on human perception, 
action and reflection and then broadened to include ‘proceptual symbols’ 
where mathematical symbols operate flexibly either as concepts to think 
about or as processes for calculation, and in which dynamic actions, such as 
counting, are symbolised in a way in which the symbols have a dual purpose 
as process and concept, which is defined as a ‘precept’which can be 
described as a blend of process and concept.  
The authors define the notion of ‘met-before’ , where students are observed 
building upon experiences they have met before:  
‘Experiences in counting affect our conceptions of number, 
experiences in arithmetic affect our conceptions of algebra, ways of 
operating that have been seen to work at one time are brought to mind 
in attempting to make sense of a new context’.  
(Nogueira de Lima and Tall, 2007, p.6) 
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2.4  The Use of Technology in the Learning of Number and Algebra 
As technology has become increasingly available in the classroom, many 
research studies have investigated the ways in which different technologies 
may be utilised to facilitate algebraic understanding.  In the discussion 
document of the twelfth ICMI study on algebra education it is suggested 
that: 
‘An algebra curriculum that serves its students well in the coming 
century may look very different from an ideal curriculum some years 
ago. The increased availability of computers and calculators will 
change what mathematics is useful as well as changing how 
mathematics is done. At the same time as challenging the content of 
what is taught, the technological revolution is providing rich 
prospects for teaching, and is offering students new paths to 
understanding’   
(Stacey and Chick, 2000, p.216) 
 
In terms of school mathematics, various studies have investigated the ways 
in which technological tools have been utilised in the learning of number 
and algebra. A number of studies have investigated the ways in which 
spreadsheets can be used as a means to learn and teach algebra, for example 
the ‘Purposeful Algebraic Activity Project’  (Bills and Wilson, 2005)  
developed  a sequence of tasks based on spreadsheets, for the learning and 
teaching of algebra at ages 11 – 12,  and other studies such as Ainley (1996) 
Filloy, Rojano and Rubio (2001) explored the use of the numerical-tabular 
and graphical facilities of a spreadsheet to develop algebraic understanding.  
However the limitations of the use of spreadsheets as a tool for learning 
algebra in school were recognised by Dettori et al (2001) who concluded 
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that ‘spreadsheets can start the journey of learning algebra but do not have 
the tools to complete it’ (p. 206). 
 
The widespread introduction of interactive whiteboards in both primary and 
secondary schools has facilitated the use of software packages that have 
been specifically developed to encourage algebraic thinking. An example of 
this is ‘Grid Algebra’ which was developed by Dave Hewitt at Birmingham 
University.  It is based upon a multiplication grid and enables teachers to 
use it flexibly in developing arithmetic and algebraic understanding through 
activities such as practising multiplication tables, developing an 
understanding of multiples and factors, expressing formal ways of 
representing arithmetic, finding equivalent expressions and developing an 
understanding of the order of operations.  This software allows for the 
continuum from working with arithmetic to using letters to represent a 
number and creating algebraic expressions, and its role in helping young 
students to accept, rather than question, notation  is described in a study by 
Hewitt (2009). 
 
A study by Jones and Pratt in 2007 considered how children’s understanding 
of the equals sign could be taught in a manner which makes the richest 
possible meanings of mathematical equivalence which are relevant to the 
learner. They argued that this could be achieved through use of technology 
supported arithmetical systems. They utilised a Visual Fractions microworld 
in a series of arithmetic tasks which were used to identify and change 
children’s perception of the equals sign. Whilst accepting that technology 
61 
 
 
 
 
 
 
itself does not guarantee richer meanings of the equals sign, they concluded 
that ‘carefully designed and technologically supported mathematical 
environments offer the potential for re-visioning how arithmetical notation 
is taught in the classroom’  (Jones and Pratt 2007, p. 306).  Ruthven (2003) 
in his report to the QCA discussed the role of dynamic geometry packages 
in the visualisation of algebraic relationships, using algebra tiles to model 
algebraic expressions. He acknowledged that the rationale of the National 
Curriculum Framework emphasises algebra as generalised arithmetic, but 
also that those aspects concern relationships between variables, functions 
and graphs. He concluded that ‘in respect of linkage between algebra and 
geometry, the published rationale for the Framework does not fully 
anticipate the character of progression to post-16 mathematics’ (p. 6) 
 
The fact that children have great difficulties in the understanding of algebra 
as generalised arithmetic was addressed by Graham and Thomas (2000), 
who focused on the fact that one of the main conceptual obstacles to 
progress in algebra is the failure to understand the concept of a variable.  
They referred to Kuchemann’s (1981) research in which only 9% of 15-
year-old students in his study had gained an appreciation of the use of letters 
in algebra beyond that of a specific unknown.  They also refer to Skemp 
(1971, p 227) who expresses the view that ‘The idea of a variable is in fact 
a key concept in algebra – although many elementary texts do not explain it 
or even mention it’ and they argue that the concept of a variable is ‘the basis 
for the transition from arithmetic to algebra’.  In their study, Graham and 
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Thomas (2000) produced a module of work based upon a graphic calculator 
in order to provide a learning environment which enabled children to 
experience the notion of variables and to enable them to build an 
understanding of them.  This project, entitled ‘Tapping into Algebra’ used 
the lettered memory stores of the graphic calculator to model a variable.  
Each memory store is represented as a box in which changing values of the 
variable come and go, and each box is labelled with its letter. The project 
included children from the UK and New Zealand. The results of the study 
were positive in both countries and in their conclusions (p. 38) Graham and 
Thomas found an improvement in the children’s understanding of symbolic 
literacy. They noted that the improvement occurred regardless of the ability 
level of the students, but the greatest relative improvement was noted 
amongst the weakest students.   
 
A similar study was carried out by Gage (2002), who described the graphics 
calculator as a mediating tool in the sense of Vygotsky’s theory of the 
mediation of tools in the development of higher mental processes. She 
argued that the student’s peers and the graphics calculator together formed a 
‘zone of proximal development’ in which the students were able to achieve a 
higher level of understanding of a variable than they would have done if 
they had worked without the graphics calculator.  She found that the 
graphics calculator formed a basis for reflective discussion, and proposed 
that it was the combination of the use of the calculator and the ensuing 
discussions that led to significant cognitive advance in the students.   
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The approach to the teaching of number in the current National Curriculum 
was strongly influenced by the ‘calculator-aware’ number (CAN) project 
(Schuard et al, 1991). This project advocated that pupils should be 
encouraged to develop their own informal methods of mental calculation 
through both practical and investigative activities and with unrestricted 
access to calculators.  
 
However,  in the development of the National Curriculum a conflict existed 
as to whether calculators should always be available and in the final 
statutory orders there is a requirement for non-calculator methods of 
computation to be taught, and for sections of the National Tests to be taken 
without a calculator. Parts of the GCSE mathematics examination also have 
to be taken without a calculator.  
Hurts (2008) conducted a study involving computer-based learning in order 
to enable pupils to acquire long-division skills.  He acknowledged the 
importance, in the teaching of arithmetic, of building on children’s informal 
problem-solving strategies based upon previous experiences, and he utilised 
a didactic method known as progressive schematisation. This method 
utilises contextualised problems and instructional aids to encourage pupils 
to employ their existing informal problem-solving strategies, with the 
expectation that these strategies would gradually evolve into more efficient 
versions, accompanied by a more formalised way of presenting the solution 
as it evolves.  Hurts developed a computer-based learning environment 
based upon this method, offering the pupils a game-like environment for 
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solving division problems.  Hurts (2008) concluded that this had the 
potential to improve and supplement current didactic methods for teaching 
long division skills.  Various other studies (for example, Lin and Chin, 
2005), point to the fact that the use of calculators and computers in teaching 
number can provide pupils with an alternative non-counting-dependent 
procedure to develop number sense.   
 
In the particular case of the teaching of order of operations, the use of 
calculators can provide a stimulating introduction to the topic.  If the pupils 
have access to both a basic and a scientific calculator they can be asked to 
key in a calculation such as 2 + 3 × 4 and to compare answers. A basic 
calculator will give an answer of 20, a scientific or graphics calculator will 
give an answer of 14.  This can be used to promote discussion about which 
is the correct answer, the fact that there must be only one correct answer, 
and the need for a convention to ensure that the correct answer is obtained.  
Schrock and Morrow (1993) advocate this approach and suggest that a good 
learning experience might involve pairing up pupils with different types of 
calculator so that they can ‘check, challenge, and justify their answer’.  
Forrester and Searle (2000) describe a similar study in which calculators are 
used in this way, and Weibe (1989) gives a variety of examples some using 
calculators and others using programming languages such as BASIC or 
LOGO in order to provide experience with this type of problem.  He makes 
the point that whilst pupils should be encouraged to utilise calculators and 
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computers in order to investigate mathematical problems and explore 
patterns and concepts:  
‘most students, however, need some help in learning to use these 
tools, especially if they are using them with problems involving more 
than one operation, as many realistic applications do.  They need to 
be taught how to enter multistep problems and evaluate the 
displayed result, that is, to do parallel mental calculations’.  
(Weibe, 1989, p. 36)  
 
Clearly if pupils are to utilise calculators and computers as tools to 
investigate mathematical concepts, it is essential that they understand how 
the tool works and the need to question the output.  ‘Most people assume 
that calculator and computer output are sacred’ (Ecker, 1989, p. 103) and 
so an understanding of the way in which different machines and different 
programming languages deal with arithmetic calculations is essential.   
 
 
2.5   Early Algebra 
Although the question of when to introduce the study of algebra has been 
debated since the 1960s, the research focus on the algebraic thinking of 
primary-aged children has been relatively recent, and due to the emergence 
of a body of research on this area a Research Forum on Early Algebra was 
held at the 2001 PME (Ainley, 2001).  Many studies have investigated the 
difficulties in moving from an arithmetic to an algebraic form of reasoning 
(eg Herscovics and Linchesvski,1991, 1994,  Kieran, 1992) and have led to 
further consideration  of the development of algebraic thinking in primary 
school. This has included the consideration of early relational thinking about 
numeric equalities and the symbolising of relationships between quantities.  
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The findings of Schliemann et al (2003) suggest that students as young as 9 
and 10 are able to develop a sense of the equality sign and to represent 
unknown qualities with a letter and even solve letter-symbolic linear 
equations, although other studies disagree with this view (eg Fujii, 2003).  
Keiran (2006) points out that definitions of algebraic thinking in the early 
years rarely take both perspectives into consideration,  and proposes that the 
activities involved in school algebra can be characterised according to three 
types: generational, transformational and global/meta-level. Although this 
characterisation was initially aimed at the secondary school curriculum, the 
global/meta-level activities of algebra provide context and a sense of 
purpose for letter-symbolic work in algebra and form a basis for the 
development of algebraic thinking in the primary school setting.  The 
approach developed from the early work of Davydov (1962) has placed the 
emphasis not so much on early number as the basis for algebraic learning, 
but on setting up contextualised situations, and this approach is reflected in 
the development of Realistic Mathematics Education (RME) by Freudenthal 
in the Netherlands.  Freudenthal suggested that children should be given the 
opportunity to experience a similar process to that by which a topic of 
mathematics was developed historically.  
 
Goldenberg et al (2010) suggest that algebraic notation is used in two 
distinct ways: for describing what we know, and for deriving what we don’t 
know.  In the first use we are using algebra as a language for describing the 
structure of a computation, or a numerical pattern, or a relationship between 
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varying quantities, and as they point out, ‘young children are phenomenal 
language learners!’ 
 
In describing the implications for teaching and learning ‘pre-algebra’ 
Nickson (2004, p.110) points to the fact that the teaching of algebra begins 
at primary school level when children learn the concepts of equivalence and 
the concept of an unknown.  She recognises that the research evidence 
suggests that   ‘there appears to be a need for more attention to be focused 
on the different uses of letters or other symbols to represent unknowns in the 
earlier years’ (p. 110). Nickson suggests that a greater awareness of the 
difference between the procedural and the structural aspects of the 
manipulation of numbers as literal terms could help to promote the 
understanding of algebraic expressions as ‘entities’ or ‘objects’ in their own 
right.  She describes this as ‘the most crucial, but difficult aspect of 
children’s success in learning algebra’ (p. 123), and concludes that ‘the 
importance of the “order of operations” needs to be established more firmly 
in order for this to happen’. (p. 124)  
 
In a recent study Hewitt (2012) argues that whilst many studies have 
identified the difficulties that students may experience with algebra, these 
difficulties are not inevitable and furthermore he asserts that children as 
young as 9 – 10 years old are able to engage with relatively complex, formal 
algebraic notation in a meaningful way.  By using software which presents a 
numerical expression as a journey, rather than the result of that journey, he 
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argues that pupils can learn the order of operations without explicit 
instruction or the use of mnemonics.  
 
The Algebraic Thinking Working Group which reported to the Seventh 
Congress of the European Society for Research in Mathematics Education 
(CERME7) in 2011 focused on the transition to algebraic symbolisation, 
and a number of studies investigated the ways in which algebraic thinking 
can be successfully developed with primary children  (for example Dooley, 
Pytlak, Alexandrou-Leonidou and  Philippou, Hewitt, and Barbosa, cited in 
Canadas, Dooley, Hodgen and Oldenburg, 2012)  In this report it was 
acknowledged that early algebraic thinking is a ‘mature’ domain within 
mathematics education research and the group identified issues for further 
research.  It was pointed out that ‘The early algebra debate in part reflects a 
current theme in the literature’ (Kaput, Carraher and Blanton, 2007) and ‘it 
also reflects the policy context in which some countries are introducing 
algebra earlier’.  It was also noted that researchers ‘need to demonstrate the 
contribution they make to the field as a whole through stronger literature 
reviews’. 
 
2.6 Summary 
This review of the literature has investigated a number of points and raised a 
number of questions that are relevant to this thesis. It has established that 
there are varying theories and research evidence related to the ways in 
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which children learn arithmetic and algebra, and that there are different 
philosophies about the way that arithmetic and algebra are linked, which 
impact upon the way in which they may be learned. The impact of these 
theories on the development of the National Curriculum in England has 
been discussed, and the guidance given within the National Curriculum 
Framework has been referred to and considered, in the light of the research 
evidence. These different views and philosophies have impacted on the 
curricula and teaching methods in the four countries in the study, which all 
differ in various significant ways, along with the teaching and learning 
resources that are utilised.  In chapter 9 the mathematics curricula in Japan, 
the Netherlands and the USA, the other three countries investigated in this 
study,  will also be described and discussed, with relation to how the 
research evidence has influenced the content and teaching methods and 
resources used . They are all based upon a range of theories and research 
evidence. There is powerful evidence to suggest that the way in which  
pupils learn and understand of mathematics is heavily dependent on the 
structure of the curriculum, the way it is taught and the learning resources 
used by mathematics teachers.  
This research study examines how the different curricula and teaching 
methods may affect and influence pupils’  understanding and methods of 
working when performing calculations involving an understanding of 
arithmetic and algebraic structure, and whether the misconceptions that may 
arise can be categorised and explained in terms of the teaching and learning 
environment.  
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In particular, the research questions that have emerged from the literature 
and which are being investigated in this study are as follows:  
 
 What misconceptions do children display when using the principles 
of order of operations in calculations? 
 
 How can these misconceptions be classified? 
 
 How might these misconceptions depend upon the teaching methods 
employed? 
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CHAPTER 3: RESEARCH METHODOLOGY 
 
 
3.0  Introduction 
This chapter discusses the research methods that were employed in this 
study and the research instruments that were used.  The use of a case study 
approach is discussed and examined for advantages and disadvantages.  
 
 
3.1 The Research Questions 
 
The research questions being addressed are:  
 
 What misconceptions do children display when using the principles 
of order of operations in calculations? 
 
 How can these misconceptions be classified? 
 
 How might these misconceptions depend upon the teaching methods 
employed? 
 
 
This study is essentially socio-cultural, and Lerman (2001, p. 87) describes 
that from this perspective an object of research on mathematics teaching and 
learning can be seen as ‘a particular moment in the zoom of a lens’. He uses 
the analogy of “zooming out” to examine the practices and meanings within 
the context that the children are learning, and “zooming in” to investigate 
how individual children learn.  This study will use a case study method to 
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“zoom in” on individual pupils, and will “zoom out” to examine the 
contexts in which the pupils learn, with different contexts being provided by 
the curriculum and teaching methods in the different countries. 
 
Whilst there are a number of theoretical research perspectives the two major 
educational research perspectives are the normative and interpretive, or 
quantitative and qualitative.  The normative paradigm is based around the 
view that human behaviour is essentially rule-governed and that it should be 
investigated by the methods of natural science. Quantitative research 
involves the use of scientific techniques to produce quantified data and 
possibly leads to generalisable conclusions. The interpretive paradigm is 
characterised by a concern for the individual; qualitative research involves 
the investigation of individuals’ perceptions of the world and its aim is to 
use data to seek insight rather than to carry out statistical analysis.  
 
In order to address the research questions, both quantitative and qualitative 
research methods were employed. Layder (1993) described this as ‘multi-
strategy research’ and Bryman (2004) in examining the case for combining 
these research methods concluded that ‘when this is appropriate to the 
research question it may provide a better understanding of a phenomenon 
than if just one method were used’. (p. 464) This view is supported by 
others for example Cohen, Manion et al (2000), Hoyle, Harris and Judd 
(2002). A classification for multi-strategy research is given by Morgan 
(1998) who describes the ‘priority decision’ which is to decide which 
method is to be the principal method. Since the data collected in this study 
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contained some numerical results (the pupils’ worksheet scores) these were 
analysed statistically, but the most significant data in addressing the 
research questions was qualitative, emerging from the analysis of the pupils’ 
written work, the key-recorder data and the interviews with pupils and 
teachers. Thus the qualitative element provided the principal focus for this 
study.  This was addressed by using a case study approach  
 
Yin (2009, p. 40) defines four criteria for the quality of research design: 
construct validity, internal validity, external validity and reliability.   In 
order to achieve validity it is often the case that a triangulated study is 
carried out in which a combination of these perspectives is used. 
Triangulation may be defined as the use of two or more methods of data 
collection, with comparison of the results for these methods. This is one of 
the methods suggested by Lincoln and Guba (1985, p. 219) in addressing 
credibility in naturalistic inquiry. The multi-method approach may involve 
triangulation over time, space, investigators, theories or methods. It may 
utilise either normative or interpretive techniques or it may draw on 
methods from both of these approaches and use them in combination 
(Cohen et al, 2000, p.113). In this study triangulation was achieved by the 
use of different methods of data collection: pupil worksheets, Key Recorder 
data, pupil interviews and teacher interviews. The Key Recorder data was 
played back alongside the pupils’ work in order to establish methods of 
working that were sometimes impossible to infer from the data, and these 
were then discussed with the pupils who were interviewed, in order to gain 
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further insight into the conclusions that had been made from the analysis of 
their work. The interviews with the teachers provided an insight into how 
their teaching approaches had impacted upon the way in which the pupils 
carried out their work and how the findings from the analysis of the pupils’ 
work could be related back to their learning experiences.  
 
In this chapter the methods which were utilised will be discussed, the 
research instruments described, and the selection of the use of a case study 
approach discussed and examined for advantages and disadvantages.  
 
 
3.2 Rationale for the methods used 
The first and most significant part of the data collection consisted of 
observing, collecting and analysing the work of the pupils involved in the 
study. 
 
It was clearly important to find a way of observing the pupils’ work in a 
manner which was as unobtrusive as possible but which provided the 
opportunity to yield as much richness of information as possible.  Collecting 
the pupils’ work and analysing their written methods of working elicited 
certain information, but would have been limited on its own in its 
effectiveness in gaining an understanding into the way in which the pupils 
were thinking as they completed the work.  Video recording the pupils as 
they worked would have been one possible way of observing what they did, 
but this would have been very intrusive and may have introduced the 
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Hawthorne effect by influencing the way in which the pupils worked 
knowing that they were being observed.  It would not have been possible to 
video all the children in the class in the detail that was needed for this study, 
so the usefulness of the data would have been limited. The Key Recorder 
software provided a way of “observing” the children by enabling the 
researcher to play back the keystroke recordings and watching the 
keystrokes they put into their calculators. In this study the children were 
unaware that their keystrokes were being recorded until after they had 
completed the worksheets, so this will not have influenced or affected their 
methods of working. 
 
Consideration of the teaching methods used was also an essential element of 
this study. This could be partly addressed by examination of the relevant 
curriculum documentation, which in England  (DfSCF 2008a, DfSCF 
2008b) points towards expected teaching approaches.  It would have been 
extremely useful to perform classroom observations of lessons being taught 
on the order of operations, prior to giving the children the worksheets, but in 
practice this would have been extremely difficult to arrange, even in the 
schools in the United Kingdom.  However the teacher interviews provided a 
good insight into how their lessons were conducted and gave more general 
information about how the teachers worked, which it was unlikely to have 
been evidenced in a single or small number of lesson observations.  
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In this study a combination of normative and interpretive approaches has 
been used to explore children’s misconceptions.   Data have been collected 
by means of worksheets, the Key Recorder software, interviews with pupils 
and interviews with teachers.  Triangulation has been achieved in four main 
ways: 
 
 The non-calculator worksheet was marked and analysed for evidence 
of misconceptions and errors, which were coded. This involved 
detailed consideration of the children’s written workings.  
 
  The with-calculator worksheet was marked and analysed for 
evidence of misconceptions and errors by observation of the Key 
Recorder data. This was related question-by-question to the non-
calculator worksheet. 
 
 Some children were interviewed and their workings, as produced on 
the worksheet, were discussed in detail. 
 
 Teachers were interviewed with respect to the teaching methods 
employed. 
 
These methods triangulated because the written work of the pupils was 
observed alongside the key recordings of their work, and the conclusions of 
the analysis of this data could be tested against the responses of the pupils 
who were interviewed and backed up by accounts of their teaching and 
learning which was elicited from the teacher interviews.  
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3.3 Sampling methods 
 
The population on which the research focused consists of children in the  
12 – 14 age range in the United Kingdom, United States, Japan and the 
Netherlands. Each sample consisted of a class of pupils.  The schools that 
were used in the study were all state-run schools and the classes were either 
mixed attainment or middle attainment.  
In the three schools in the United Kingdom a set of TI-84+ graphics 
calculators was used as the tool for recording the children’s keystrokes, so it 
was important to ensure that the pupils in these classes were familiar with 
using graphics calculators. This was because the calculator was being used 
as a data collection instrument and it was important to ensure that the 
pupils’ work was not affected by working with a calculator with which they 
were unfamiliar. This was a restrictive condition as research has already 
revealed that graphics calculators are not utilised by many teachers in Key 
Stage 3 (Headlam, 2004). 
 
It was essential to confirm with the class teachers that they had taught the 
class about the order of operations and that the questions on the worksheet 
were realistically attainable by the pupils in the class. The class teachers 
were given copies of the worksheets in advance to ensure that they were 
happy that the questions were appropriate and realistic for the pupils in their 
class to attempt.  
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For these reasons the samples were essentially purposive, although to an 
extent they were also convenience samples. From previous research 
(Headlam, 2004) I had developed an awareness of the schools in which 
graphics calculators were routinely used in Key Stage 3 and of some of the 
teachers who utilised them on a regular basis, and so the classes in the 
United Kingdom were chosen with this in mind.  
 
3.4 Research methods 
 
The research consisted of the following elements: 
 
Pilot Study  
This was carried out with one class of pupils in the United Kingdom and 
one class of pupils in Japan.  The worksheets are included in Appendix F. 
 
 One non-calculator worksheet was completed by pupils within a 
normal mathematics lesson. 
 The worksheets were marked and analysed, and returned to the class 
teachers when copies had been made. 
 The worksheet was revised in the light of the pilot study and two 
revised worksheets produced, one with and one without a calculator. 
 Interviews took place with the class teachers.  
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Main study  
This was carried out with three classes of pupils in the United Kingdom, one 
class of pupils in the Netherlands and two classes of pupils in New York 
State in the United States.  
 
 Two worksheets were completed by pupils within one of their 
normal mathematics lessons, the first worksheet without a calculator 
and the second worksheet with a calculator 
 For the schools in the United Kingdom, Key Recorder data was also 
collected while the pupils completed the second worksheet. 
 An analysis of the pupils’ written methods on the first worksheet 
was carried out. 
 An analysis of the pupils’ work on the second worksheet was carried 
out.  For the schools in the United Kingdom this included analysis of 
the Key Recorder data 
 Interviews took place with some of the pupils, based on the answers 
they produced for the worksheet questions. These interviews took 
place as soon as possible after the written work had been done. 
 Interviews took place with the class teachers whenever possible. 
 
3.4.1 Worksheets 
 
The two worksheets were designed to be completed in class, one after the 
other. They were given to the class teachers to look at in advance as it was 
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important that the teachers were comfortable with the material that the 
pupils were being given, and could confirm that the children had been 
taught the appropriate work that should enable them to complete the 
questions on the worksheets.  The instructions made it clear that this was a 
worksheet and not a test, although the children were asked to complete them 
in ‘test’ conditions i.e. without talking and without being able to ask 
questions.  However the children were assured that their results would not 
contribute to any school assessments and that they would be able to ask their 
teacher questions about the work afterwards.  
 
The worksheets are included in appendix G.   The questions in worksheet 1 
consisted of calculations that included single digit numbers, so that the 
pupils would not find the arithmetic difficult and should be able to complete 
the calculations easily if they applied the order of operations correctly. The 
questions in worksheet 2 all had the same structure as those in worksheet 1, 
but the numbers were all decimals with one decimal place, so that the pupils 
would need to use the calculator in order to carry them out.  
Examples of the questions in worksheet 1 and worksheet 2 are shown in 
figure 3.1:  
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 Question Workings Answer 
1. 2 + 3 × 4 + 5     
 
 Question Workings Answer 
1. 2.7 + 3.4 × 4.5 + 5.9     
 
Figure 3.1 Question 1 from worksheet 1 and worksheet 2 
 
3.4.2  Analysis of the worksheets 
 
Initially the pupils’ answers were simply marked as right or wrong, and a 
score out of 14 allocated to each worksheet. Then the wrong answers were 
investigated. On the non-calculator worksheet this involved careful 
consideration of the answer and any ‘workings’ that the children had 
included. In each case I tried to determine the nature of the error or the 
misconception behind it, and attempted to categorise these.   
 
For the second worksheet, each question corresponded in structure to a 
question in the first worksheet, but the ‘workings’ on the calculator had 
been captured by the Key Recorder software in addition to the written 
answers given by the pupils.  
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3.4.3 Analysis of the Key Recorder Data 
 
The keystrokes were replayed on the graphics calculator and video 
recordings made of the screen, so that each section of the video could be 
related to a pupil’s work on a particular question.  These recordings could 
then be replayed in order to interpret and explain the written workings on 
the pupil’s worksheet, with a view to aiding the categorisation of any 
misconceptions that are observed.  
 
3.4.4     Interviews with pupils 
 
Interviews were conducted with samples of pupils who had completed the 
worksheets in the schools in the United Kingdom.  These samples were 
essentially purposive, as the pupils’ work had just been marked and 
questions had emerged which I hoped to discuss with particular pupils, but 
to an extent they were also a convenience sample as it depended upon the 
availability of the pupils at the time I was in their school.  
 
According to Kvale (1996)   
‘The use of the interview in research marks a move away from 
seeing human subjects as simply manipulable and data as somehow 
external to individuals, and towards regarding knowledge as 
generated between humans, often through conversations’.  
(Kvale, 1996, p. 11) 
 
Cohen, Manion and Morrison (2000) point out that 
 
‘Interviews enable participants – be they interviewers or 
interviewees -  to discuss their interpretations of the world in which 
they live, and to express how they regard situations from their own 
point of view.  In these senses the interview is not simply concerned 
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with collecting data about life: it is part of life itself, its human 
embeddedness is inescapable’.  
(Cohen et al, 2000, p. 267) 
 
 
Cohen Manion and Morrison (2000) use Woods (1986) to give three 
necessary attributes of ethnographers as interviewers. Although this research 
is not ethnography, the attributes described are nevertheless important 
features of this study 
 trust There would have to be a relationship between the interviewer 
and the interviewee that transcended the research, that promoted a 
bond of friendship, a feeling of togetherness and joint pursuit of a 
common mission rising above personal egos. 
 
 curiosity There would have to be a desire to know, to learn people’s 
views and perceptions of the facts, to hear their stories, discover 
their feelings. This is the motive force, and it has to be a burning 
one, that drives researchers to tackle and overcome the many 
difficulties involved in setting up and conducting successful 
interviews. 
 
 naturalness As with observation one endeavours to be unobtrusive 
in order to witness events as they are, untainted by one’s presence 
and actions, so in interviews the aim is to secure what is within the 
minds of interviewees, uncoloured and unaffected by the interviewer.  
 
 
(Cohen et al, 2000, p. 286) 
 
The issue of trust, as outlined above, is an important one and was addressed 
by the fact that all the interviewees were introduced to me by their class 
teacher. I then told them about myself, my background as a teacher in 
school, and explained in simple terms the purposes of my research.  To an 
extent this enabled me to address the third issue of naturalness as outlined 
above by Woods. The issue of curiosity was inherent in my desire to try to 
achieve a deep understanding of how the children went about the 
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calculations, what they were thinking and why they sometimes revealed 
misconceptions. As a researcher I was in the fortunate position of being able 
to talk to the individual pupils in much greater depth and for a considerably 
longer period of time than a teacher would normally have the opportunity to 
do in a classroom situation, and so I was very curious to find out as much as 
I could from my conversations with the children in order to gain a deep 
perspective into their thinking.   The interviews were intended to take 
approximately fifteen minutes to complete.  
 
The interviews were semi-structured; there was no set of generic questions, 
since the questions asked in the interview depended upon what had been 
observed from the pupil’s work, and so the agenda for each interview was 
individual to each pupil, although the interviews all covered the issues 
arising from the same calculations.   However the flexibility to build in 
follow-up questions left it open for further issues to be raised by the pupils 
which did not necessarily fit into any of the original research categories. 
 
This type of interview is categorised by Cohen et al (2000, p. 271) as an 
‘Interview Guide Approach’,  in which the characteristics are that ‘topics 
and issues to be covered are specified in advance in outline form; 
interviewer decides sequence and working of questions in the course of the 
interview’. The strengths of this type of interview are described by Cohen et 
al (ibid): ‘The outline increases the comprehensiveness of the data and 
makes data collection somewhat systematic for each respondent.  Logical 
gaps in data can be anticipated and closed. Interviews remain 
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conversational and situational’. The potential weaknesses of this type of 
interview include the fact that ‘important and salient topics may be 
inadvertently omitted. Interviewer flexibility in sequencing and wording 
questions can result in substantially different responses, thus reducing the 
comparability of responses’.  In order to avoid this, I attempted to ensure 
that the questions were asked in the same manner and were similarly open-
ended. For example “Can you tell me how you went about this calculation?” 
could be applied to the pupil’s response to any question on the worksheet, 
and so this approach helped to ensure comprehensiveness throughout the 
interviews.  The follow-up questions would then become increasingly 
individualised.  It was important that the language used in the interview was 
at the right level in order that the pupils clearly understood what they were 
being asked without feeling under either pressure or patronised.  Alderson 
(2000, p. 244) describes the importance of this and explains the danger that 
‘researchers’ over-complicated or poorly explained terms, topics and 
methods can also misleadingly make children (and some adults) appear to 
be ignorant or incapable’.  Since the interview questions were focusing on 
the pupils’ mistakes it was therefore of great importance that they were 
approached in a sensitive manner and that where possible the pupil felt 
reassured that the interview had also provided them with a positive learning 
experience.  
 
The pupil interviews were recorded and then transcribed.  
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3.4.5 Interviews with teachers 
 
3.4.5.1 The teachers in the United Kingdom 
Interviews with the class teachers in the United Kingdom were carried out  
as soon as possible after the pupil interviews.  The purpose of the interviews 
was to discover how each teacher had taught their class about the order of 
operations and how their teaching methods fitted in with the specifications 
of the curriculum guidelines. They were also aimed at uncovering the 
teacher’s feelings and philosophies about how this topic fitted in with their 
teaching of algebra.  
 
The interviews were semi-structured with a basic bank of key questions (see 
Appendix K) These were designed to discover how the teachers introduced 
the concept of order of operations, the types of activities and resources that 
they used, and to discover the extent to which they linked this activity to 
algebra, or whether they viewed it and taught it as an entirely arithmetical 
activity. The semi-structured nature of the interviews allowed for follow-up 
questions to be asked in order to pursue the teachers’ responses and also to 
discuss the analysis of the work of some of the pupils in their class. In a 
semi-structured interview ‘the questions are frequently somewhat more 
general in their frame of reference from that typically found in a structured 
interview; also the interviewer usually has some latitude to ask further 
questions in response to what are seen as significant replies’. (Bryman 
2004, p 113). It is also described by Gillham (2000, p. 21) as the ‘key 
technique in real-world research’. The questions that the teachers were 
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asked were essentially open-ended, since according to Cohen et al (2000 p. 
275) ‘they allow the interviewer to probe so that she may go into more 
depth if she chooses, or to clear up any misunderstandings’.  This aspect of 
a qualitative research interview is characterised by Kvale (1996, p.31) as 
‘Focused’ in which ‘the interview is focused on particular themes; it is 
neither strictly structured with standardized questions, nor entirely “non-
directive”.  Merton et al (1990, p, 117) describe the central task of the 
focused interview to be  ‘to learn how the prior experiences and 
dispositions of interviewees are related to their structuring of the stimulus 
situation’. They note the importance of an understanding of the personal 
context in being able to deal with an unanticipated response.  
 
Towards the end of each interview there was a period spent on what Cohen 
et al (2000, p 271) describe as an ‘informal conversational interview 
characterised by the fact that questions emerge from the immediate context 
and are asked in the natural course of things; there is no predetermination 
of question topics or wording’.  The purpose of this was to enable me to 
gain the best possible understanding of the professional views and 
philosophies that underpin the way in which they teach and which would 
determine the ways in which their pupils learn mathematics, and in having 
an informal professional discussion this enabled me to continue to provide 
‘an appropriate atmosphere such that the participant can feel secure to talk 
freely’ (Cohen et al, 2000, p. 279) 
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The teacher interviews were not recorded, but field notes were made 
throughout the discussions. This sometimes included jotting down some 
mathematics that was being described by the teacher, and this added to the 
discussion that was taking place. In each case the teacher was informed in 
advance that I would be taking some notes, and was invited to look through 
what I was writing both during the interview and at the end of the interview.  
The issues involved in using the field note approach will be discussed in 
section 3.4.5.3. 
 
3.4.5.2 Interviews with teachers from the other countries  
 
There were a number of practical difficulties that needed to be addressed in 
attempting to interview teachers from each of the other countries involved in 
the study.  In the case of Japan and the Netherlands these included language 
issues, and in the case of the classes from New York I had no information 
about the actual teachers of the classes involved in the study. 
 
The class teacher of the pupils from the Netherlands was happy to take part 
in the study; at first I considered setting up an interview via Skype but she 
had concerns that her academic English might prevent her from answering 
questions fluently and quickly enough in this type of situation. It was 
therefore decided that I would send her a list of questions via email and that 
she would respond to these, giving her time to think about her responses and 
to translate them into English in her own time.  This led to an exchange of 
emails and she provided me with examples of the resources that she had 
89 
 
 
 
 
 
 
used, in order to illustrate what she was telling me.  This method of 
interviewing eliminates the ‘interpersonal, interactional, communicative 
and emotional aspects’ (Cohen et al, 2000, p. 279) since the effects of body 
language, facial expression and other means of non-verbal communication 
cannot come into play, but it did address the issue of ensuring that the 
teacher was comfortable and secure with the situation (Kvale, 1996, p.147) 
and it facilitated a written exchange of questions and responses. 
 
It was not possible to interview the class teachers of the Japanese pupils or 
the pupils from the United States.  Instead, I took the opportunity to meet 
with some teachers from both Japan and from New York who were visiting 
Plymouth University at different times.  These interviews were essentially 
opportunistic, since I was constrained by the times when these particular 
colleagues visited the university. The interviews took the form of informal 
professional discussions, and I made field notes as we talked, in the same 
manner as with the UK class teachers.  
 
The three Japanese teachers were all lecturers in mathematics education and 
had all been teachers in the secondary age range.  I arranged to conduct a 
group interview with all three teachers together.  The reasons for this were 
essentially practical. One of the group spoke English much more fluently 
than the other two, so he was able to translate the responses and suggestions 
of the other two teachers, which enabled me to involve all three in the 
discussion.  Gillham (2000) points out that ‘what happens in a group 
interview is difficult to record’ (p. 88) but I took field notes and since we 
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were in a classroom we spent some time writing calculations on a 
whiteboard at one stage, so I was able to record this by photographing the 
whiteboard.  
 
I used open ended questions in order to find out about teaching and learning 
strategies that might typically be used in Japan, and  showed the teachers 
some of the pupils’ work, which enabled us to discuss the strategies that the 
pupils seemed to be using, and to link this to the teaching and learning 
strategies that would have been used.  
 
The two teachers from New York State were both visiting the university on 
another occasion, so I took the opportunity to interview each of them.  
These interviews took the same format as those that I had conducted with 
the teachers in the UK, being semi-structured in nature and allowing for 
follow-up questions based upon the teachers’ responses to my initial 
questions.   
 
3.4.5.3 The use of field notes in the teacher interviews 
 
With the exception of  the interview with the class teacher from the 
Netherlands, all the other teacher interviews were recorded by using field 
notes that I made throughout the interviews. The main reason for this was 
my desire to enable the teachers to feel that they were involved in a 
professional discussion rather than a formal interview; my aim was to 
encourage them to open up and reveal their philosophies about teaching and 
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learning mathematics in an atmosphere of discussion rather than simply 
feeling that they were answering my questions.  Interviewees can often be 
reluctant to open up when being recorded with a voice recorder, whereas 
without a recorder there can be more a feel of a conversation between two 
people. It has been suggested that ‘interviewees frequently say much more 
once the tape recorder has been switched off, or give an entirely different 
viewpoint when having a chat over a cup of tea in the staffroom, than when 
they are confronted with a microphone’ (ResInEd, 2006)  
 
In addition to this, my field notes often provided the means to promote 
further discussion, since they sometimes included jottings of mathematical 
ideas and calculations as the teachers described and discussed them. As I 
noted things down, it was sometimes helpful to discuss what I was writing 
and clarify the ideas with the teacher as I wrote.  
 
Cohen et al (2000, p.311) consider a number of levels at which field notes 
may be written; within this study the notes were primarily at the level of 
‘description’ and  included some of the elements described in their list, 
namely:  
 
 Quick, fragmentary jottings of key words/symbols 
 Transcriptions and more detailed observations written out fully 
 Descriptions that, when assembled and written out, form a 
comprehensive and comprehensible account of what has happened 
 Pen portraits of participants 
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 Reconstructions of conversations         
(Cohen et al, 2000,  p.311)  
 
3.5 Ethical Issues  
All aspects of this research have been carried out within the guidelines of 
the ethical principles of Plymouth University    
(https://staff.plymouth.ac.uk//scitech/humanethics/intranet.htm)  
 and give careful consideration to the issues of 
 Informed consent 
 Openness and honesty 
 Right to Withdraw  
 Confidentiality 
 
The study was approved by the Ethics Committee of the Faculty of 
Technology and the documentation is included in Appendix  K. 
 
In the case of the pupil worksheets, these were all done within normal 
mathematics lessons, with the class teacher present.  The class teacher was 
informed by me about the nature and the purpose of the work, and given the 
worksheets in advance .The pupils were told that their work would be 
marked by me, and returned to their class teacher, but if they did not wish to 
put their name on the worksheet they could write something else, such as 
initials or a picture, so that they could identify the work as their own when it 
was returned.  I informed all the pupils that I would be using their work to 
93 
 
 
 
 
 
 
help me in my research, but told them that if they did not wish to give it to 
me they could give it in to their class teacher to mark and that it would be 
kept in school and not used in my research. They were informed that I 
would not be naming any pupils, teachers or schools in my research.  
 
At the end of the session the pupils were told about the Key Recorder 
software and it was explained how it would be used. They were told that if 
they did not wish me to use their data they could ask for it to be deleted at 
that stage, or else they could tell their class teacher later who would contact 
me and inform me.  Each calculator was numbered and this corresponded to 
the numbers that the pupils had written on their worksheets, so that the Key 
Recorder data could be matched to the pupils’ work.  
 
The pupils were told that after their work had been marked it would be 
returned it so that they could look at the marking and discuss their work 
with their class teacher.  I explained that I would like to come back and talk 
to some of them about their work, but that they did not have to do this if 
they didn’t want to.  An information sheet was sent to the parents of the 
children who I interviewed and parents were asked to contact the class 
teacher if they didn’t wish their child to be interviewed.  The children were 
informed in advance that the interviews would be recorded, and were told 
that they could stop the interview at any time, and that they could ask for the 
tape to be deleted if they wished.  
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3.6  The Case Study Approach 
 
In order to “zoom in” on individual pupils a case study approach is used 
within the study. Gillham (2000, p. 13) defines case study as a ‘main 
method’ when different sub-methods are used within a multi-method 
approach.  Yin (2009, p.18) describes the scope of a case study and defines 
it in these terms:  
 
A case study is an empirical enquiry that 
 Investigates a contemporary phenomenon in depth and within its 
real-life context, especially when 
 The boundaries between phenomenon and context are not clearly 
evident.  
Cohen and Manion (2000, p.181) define a case study as a specific instance 
that is frequently designed to illustrate a more general principle.  They refer 
to Nisbet and Watt (1984, p.72) in describing it as ‘the study of an instance 
in action and point out that a single instance is of a bounded system, for 
example a child, a clique , a class, a school, a community’.  In this study the 
classes and the individual pupils are the ‘instances’ since the data have been 
analysed both at the class level and also at the level of some of the 
individual pupils.  This has then been used to attempt to illustrate a general 
principle. I wanted to observe the pupils’ work and link what I observed to 
the context in which the class had been taught, and so the case study 
approach is appropriate to the nature of the investigation.  
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In this study the gathering of data involved different methods of 
‘observatio’. Gillham (2000) describes the role of observation within case 
study research as having three main elements: 
 
 Watching what people do; 
 
 Listening to what they say; 
 
 Sometimes asking them clarifying questions.    
(Gillham , 2000,  p.45)  
 
In this case the pupils were “watched” by using the Key Recorder software, 
and listened to by interviewing them.  The teachers were also listened to and 
asked clarifying questions in order to discover their teaching methods.  
 
3.6.1  Advantages of using a Case Study Approach 
 
Cohen et al (2000, p.184) describe a number of possible advantages of using 
a case study approach, some of which are particularly appropriate to this 
study.  These include: 
 Case study data is ‘strong in reality’ 
 
 Case studies catch unique features that may otherwise be lost in 
larger scale data 
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 Case studies allow generalizations either about an instance or from 
an instance to a class. Their peculiar strength lies in their attention 
to the subtlety and complexity of the case in its own right 
 
 Case studies recognise the complexity and ‘embeddedness’ of social 
truths. By carefully attending to social situations, case studies can 
represent something of the discrepancies or conflicts between the 
viewpoints held by the participants. The best case studies are 
capable of offering some support to alternative interpretations. 
 
 Case studies are ‘a step to action’. They begin in a world of action 
and contribute to it.  Their insights may be directly interpreted and 
put to use; for staff or individual self-development, for within –
institutional feedback; for formative evaluation; and in educational 
policy making. 
(Cohen et al, 2000, p.184) 
 
 
 
These advantages are all possible in this study.  The data is ‘strong in 
reality’ because it is gathered in context in real classroom situations. The 
use of the Key Recorder Software assists in catching the ‘unique features’, 
and studying the data from individual pupils and teachers enables 
generalisations to be put forward and for alternative viewpoints to be 
investigated.  The ‘step to action’ is particularly important for me in this 
research.  As a mathematics educator I wanted to investigate an area of 
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mathematics teaching and learning in order to discover the impact of 
different teaching methods in this particular topic, and to put forward 
suggestions regarding their effectiveness. I felt that any conclusions I might 
reach would then be relevant in my own role in Initial Teacher Training and 
also potentially in wider curriculum development. 
 
3.6.2 Disadvantages of using a Case Study Approach 
 
Although there are compelling reasons for using a case study approach, it 
must be acknowledged that there are also disadvantages which must be 
taken into account.  Cohen et al (2000, p.184) give three main 
disadvantages: 
 The results may not be generalizable except where other 
readers/researchers see their application 
 They are not easily open to cross-checking, hence they may be 
selective, biased, personal and subjective 
 They are prone to problems of observer bias, despite attempts made 
to address reflexivity. 
(Cohen et al, 2000, p.184) 
These weaknesses have been considered and despite attempts to guard 
against selectivity and personal bias, such weaknesses may have affected 
this study.  To eliminate observer bias the interviews with pupils were 
recorded and transcribed, but due to the individual nature of the interviews it 
must be acknowledged that the pupils’ responses will have depended on the 
98 
 
 
 
 
 
 
way in which the questions were asked. The fact that the pupils were being 
asked to discuss their mistakes may have had differing effects on different 
pupils even if the questions were being asked in the same manner. Some 
pupils may have been defensive and unsure about discussing mistakes, 
whereas others may have seen it as an opportunity to learn from their 
mistakes and approach the interview as a learning experience.   The teachers 
may also have felt defensive about being questioned about their teaching 
methods; I tried to avoid this effect by explaining clearly why I wanted to 
talk to them and describing the aims of the study, but it would be 
understandable for a teacher to want to want to put forward their “best” 
account of their teaching, focusing on the positives and possibly avoiding 
the negatives. The sample of teachers I interviewed in the United Kingdom 
were all very experienced teachers in positions of responsibility, so I 
anticipated that they would all be honest and reflective about their teaching, 
but it could be argued that the sample of teachers was itself biased as it was 
not truly representative of the population of mathematics teachers in the 
United Kingdom.  
 
My own interpretation of the pupils’ work and Key Recorder data will have 
been subjective, since this was used in order to attempt to “see” what the 
pupils were thinking.  
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Despite these possible weaknesses in the study, the multi- strategy method 
provides the opportunity for triangulation, and any generalisations that can 
be made will be within the context of this being a small scale case study.  
 
3.7   Summary 
 
The design of this study involved a combination of normative and 
interpretive approaches and consequently the data analysis and conclusions 
reflected this perspective. The data were summarised by tabulating and 
analysing the quantitative data statistically, and by categorising the 
qualitative data to allow for comparisons and conclusions to be made.  
Although the disadvantages of the approach have been acknowledged and 
taken account of, various attempts have been made to ensure the reliability 
of the data and the many strengths of the methodology point to it being valid 
and reliable. Although the size of the sample means that the conclusions will 
not necessarily be generalisable, nevertheless the methods employed mean 
that valid conclusions can be made in order to link teaching strategies with 
pupils’ work and can therefore be used in order to evaluate the strategies 
used with the classes of pupils involved in the study.  
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CHAPTER 4: THE KEY RECORDER SOFTWARE 
4.0  Introduction 
In this chapter the Key Recorder software is described and discussed with 
respect to its use as a data collection tool in this study. The first section 
describes the development of the software and its use in a small number of 
other studies.  In the first section the use of the software is explained and in 
the third section the advantages and disadvantages of using the software are 
discussed. 
 
4.1 Background to the Key Recorder Software 
The Key Recorder software was developed as a research tool by Texas 
Instruments in conjunction with researchers in the Centre for Teaching 
Mathematics (Berry et al, 2003) at the University of Plymouth who were 
investigating students’ working styles when using a graphics calculator. The 
stages of its development are described in detail by Smith (2003) who 
worked closely with the programming team at Texas Instruments in order to 
ensure that the software met the requirements of that particular study.  It 
was originally designed to run on a Texas Instruments TI-83+ graphics 
calculator.  When the program is running the calculator operates as normal 
and at the same speed, so that the student is not aware of any difference.  At 
the end of the session the student’s work may then be played back, 
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appearing exactly as it did when the student entered the original commands.  
the same as the way in which the student typed it onto the screen. 
The motivation for its development was to produce a way of observing 
students doing mathematics in an unobtrusive way, so that a student’s 
calculator use can be “seen” without the student being aware of being 
watched. Smith’s study (2003) was the first study to use such software on a 
calculator, although some studies had made use of computer technology to 
record students’ keystrokes on a computer (for example Thomas and Paine 
(2000), Weigand and Weller (1999 and 2001)).   
 
In Weigand and Weller’s study (2001) a program called ScreenCam was 
used to record the students’ keystrokes whilst using a Computer Algebra 
System (CAS) and they found this to be a successful research tool for the 
analysis of students’ problem solving strategies. The KeyRecorder software 
works on the same principles as ScreenCam. 
 
Since its development the Key Recorder software has been used as a 
research tool in a small number of studies  (For example: Graham, Headlam, 
Honey, Sharp and Smith, (2003), Berry, Graham and Smith (2003), Smith 
(2003) Berry, Graham and Smith (2005), Berry, Graham and Smith (2006), 
Sheryn (2005),  Sheryn (2006a), Sheryn (2006b) Graham, Headlam, Sharp  
and Watson, (2007))   
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4.2 Using the Key Recorder Software  
 
The software is saved on the calculator as an Application file (APP).  It is 
accessed by using a password, and can be set to record New Data as shown 
in figure 4.1. 
 
 
Figure 4.1 Key Recorder Main Menu 
 
When the calculator is switched on the software will run in the background, 
recording the keystrokes that are being made by the students. 
 
The collected data can be viewed in two ways:  
 
View Data which provides a list of keystrokes. 
Replay Data which shows the screen that the student saw whilst using the 
calculator. 
 
Figures 4.2 and 4.3 give examples of what would be seen when viewing the 
data in each of these ways.  
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Figure 4.2 Examples of View Data Screen 
 
 
 
Figure 4.3 Example of Replay Data Screen 
 
The Key Recorder software was first used by Smith (2003). He started to 
analyse the data by playing back the students’ keystrokes and transcribing 
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them onto a data collection sheet. This proved to be a very time-consuming 
method and so this was adapted so that the calculator screen was videoed. 
As the video was played back, comments were made into a tape recorder.  
 
4.3 Advantages and Disadvantages of using the Key Record Software 
4.3.1 Advantages 
This data collection tool is of significant importance to my work. It has not 
been widely used before but in the studies already referred to it has provided 
a unique insight into students’ ways of working and their thinking.   
 
In this study the use of the Key Recorder software was significantly 
different to its use in previous studies, which were all concerned with some 
aspect of the use of the graphics calculator itself.  I used the graphics 
calculator simply as a research tool in order to gain an insight into the 
arithmetical thinking of the children. The only reason I had for using a 
graphics calculator is that it is the only calculator for which such Key 
Recorder software is available. If it had been possible to obtain similar 
software for a basic calculator or a scientific calculator then I would have 
been able to use that in exactly the same way.   
 
Figure 4.4  provides an example of how the Key Recorder data can be used 
alongside a pupil’s work in order to gain an insight into how the pupil had 
gone about a calculation and how the pupil had obtained the answer that 
they had written on their worksheet.   
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The pupil’s written work with a wrong answer 
The pupil’s keystrokes                                              Commentary  
 
First the pupil demonstrates that 
he understands how to square a 
number, although he did not use 
the “square” key 
The fact that he performs the 
squaring first and then adds 2.4  
indicates that he understands the 
correct order, and he correctly 
evaluates the numerator 
 
Now in evaluating the 
denominator the pupil shows an 
understanding of the need to 
perform the calculation in the 
bracket first and then to square 
the value obtained,  obtaining a 
correct value for the 
denominator. The pupil has 
written this on the worksheet 
under “workings” 
 
The pupil now appears to go 
back and check the value of the 
numerator, but keys in 8.2 
instead of 2.4. This is very likely 
to be because the number 8.2 
appeared in the previous 
question, and so this is a careless 
error. 
The pupil divides the new, 
incorrect value of the numerator 
by the value of the denominator 
and writes down the answer 
obtained.  
The pupil would have obtained 
the correct answer if he had used 
the first, correct, value for the 
numerator.  
Figure 4.4  An example of how the Key Recorder data can be used to 
examine a pupil’s calculator work that led to a written answer 
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The software provides an exact record of every keystroke that is made by 
the pupil. This can be used for many purposes. In Sheryn’s study (2006) the 
focus was on the appropriation of the graphics calculator by A-Level 
students and the Key Recorder software was used to identify how the 
students’ use of the graphics calculator changed over a period of time.  In 
the study by Graham et al (2003) it was used specifically to examine how 
students used their graphics calculators in an A-Level Statistics examination 
and to provide a focus for the subsequent interviews with the students. 
Graham et al (2007) again used the Key Recorder software to record the 
way in which a teacher used the graphics calculator as a teaching resource, 
and to investigate whether the students’ use of their graphics calculators met 
the teacher’s expectations.  In this study the keystrokes were video recorded 
and played back to the teacher during an interview, in order to examine the 
teacher’s aims and objectives behind the calculator use.  
 
In this study the main advantage of using the Key Recorder software was 
that it enabled me to collect data from every single pupil in the class in an 
unobtrusive way, which would have been impossible to do by video 
recording or any other method.  It enabled me to gain a unique insight into 
the children’s thinking, showing me the methods of calculation that they 
were employing and to gain some understanding of their thought processes.  
The data that this provided was a valuable supplement to the written 
“workings” that the children wrote on their worksheets as it tracked their 
attempts at each calculation on the way to writing down their answer.  
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Another major advantage is that the graphics calculators are portable and 
therefore it was relatively easy to take them into the different schools.  
When the pupils were familiar with using a graphics calculator they were 
able to use them comfortably and with confidence, even though the 
calculations I was asking them to do could be carried out on a basic 
calculator or scientific calculator.  It also meant that I could take a calculator 
with me when interviewing the pupils and refer to their calculations during 
the interview.  
 
4.3.2 Disadvantages 
 
The main disadvantage of using the Key Recorder software in this particular 
study arose when pupils were not familiar with using a graphics calculator. I 
tried to minimise this problem by checking with the class teachers in 
advance that the class I was working with had used graphics calculators 
before, but it has to be recognised that even if they had been used for 
particular activities this would not have been the same as working with a 
calculator which they use on a daily basis. Also it was always possible that 
some pupils had joined the class more recently and missed these 
opportunities.  Although the pupils were not required to use any functions 
that do not exist on a scientific calculator they may have been put off by the 
apparent complexity of the device.  Some keys are slightly different on a 
graphics calculator as compared to some scientific calculators, for example 
the “power” key which appears as              .   This is used on some makes of ^ 
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scientific calculator but not many. Although it is the same as the symbol 
used in Excel, with which most year 8 and year 9 pupils will be familiar, 
they may not transfer this knowledge when using a calculator.  The other 
key which is different on some, but not all, scientific calculators is the 
“negative” key which appears as             on the graphics calculator but is               
on many scientific calculators. The graphics calculator also has an                  
key instead of an              key.  However since most pupils would be 
familiar with using a computer keyboard, this was not likely to cause 
confusion. 
 
Even if the pupils have used graphics calculators before, they will probably 
not have used them in the place of a basic or scientific calculator, but 
instead will have met them for “special” lessons for example on drawing 
graphs or using the Coordinate functions.  This was identified in my MPhil 
study (Headlam, 2004) where it was found that only 13% of the teachers 
questioned actually used class sets of graphics calculators in Key Stage 3, 
although 38% of the teachers stated that their use was expected in their 
department’s scheme of work.  Furthermore it was evident from the pupils’ 
responses that those who had been exposed to graphics calculators in Key 
Stage 3 had used them mainly for drawing graphs, with a small number of 
pupils saying that they had used the “list” functions for calculating statistical 
measures.  However, the vast majority of pupils questioned did have very 
positive attitudes to using a graphics calculator.  
 
+/-
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In order to minimise this potential problem I worked with classes of 
children who had used graphics calculators before and whose teachers had 
access to class sets of them which would have enabled them to be used 
regularly.  I also made it clear to the pupils  that if they needed help with a 
“calculator-related” issue then they could ask either me or their class teacher 
for any help that they needed. The main reason that pupils asked for help in 
fact turned out to be finding the “power” key.  
 
One major disadvantage of the Key Recorder software is that when 
replaying the data it plays fairly quickly and it is not possible to pause and 
look at one screen shot. For this reason I decided to video record the replay 
data and then convert this to a media file using Movie Maker. This meant 
that I could pause at any time, and skip to different parts of the video.  This 
proved to be extremely time consuming but was the best way of enabling 
me to view the data effectively and efficiently.  
 
Using the View Data option is also a very time-consuming process. Only 
eight lines of data can be seen at a time. It is possible to scroll through the 
screens using the arrow keys, but it is not possible to skip through the data 
file.  
There could potentially be problems with the amount of data reaching the 
maximum amount (1000 keystrokes is the default setting, although this can 
be changed) in which case the data will start to overwrite and the first part 
of the data will be lost. However, in my study this was not a problem since 
the worksheet is fairly short.  
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A significant issue with the use of the Key Recorder software in this study is 
that it could only be used with the pupils in the UK schools, due to the 
practical constraints involved.  However it was felt that its use was very 
valuable even if it was restricted to the pupils in the UK. 
 
4.4 Summary 
 
Despite the fact that the process of data analysis was very time consuming, 
the Key Recorder software provided a unique opportunity to capture the 
calculator work of the pupils in the UK and thus to give an insight into their 
thinking and also to provide a focus for the ensuing discussions with some 
of the pupils.   
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CHAPTER 5: THE PILOT STUDY 
5.0  Introduction 
In this chapter the pilot study is described and analysed.  The first section 
gives an overview of the study, describing the schools and classes of pupils 
who were involved, and the way in which the study was administered.  In 
section 2 the results are summarised and analysed in terms of the raw scores 
obtained by the pupils on the pilot worksheet and also in terms of the types 
of errors and misconceptions that were observed in the pupils’ work.  An 
initial attempt to categorise these errors and misconceptions is described. In 
the third section the results are discussed and the pupils’ misconceptions 
compared, in terms of both the types of misconception that were seen and 
also the frequencies with which they were observed.  The fourth section 
describes the conclusions that were drawn from the pilot study and the 
implications in terms of developing the worksheets for the main study.  
 
5.1  Overview of the Pilot Study  
 
The pilot study was carried out in the UK and Japan. In each country one 
class of students was involved.  In the UK this was a class of 20 middle- 
attaining  students in year 8 (aged 12-13).  The Japanese class consisted of 
33 mixed-attaining students in grade 8 (aged 13 -14). This is summarised in 
table 5.1: 
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 Number of 
pupils 
Country Age of pupils 
School X 
20 UK 12 - 13 
School Y 
33 Japan 13 – 14 
Table 5.1  Summary of the classes of pupils involved in the pilot study 
 
Before carrying out the pilot study I confirmed with the class teachers that 
both classes had been taught the principles of the order of operations as part 
of their scheme of work, and had also been taught simple algebraic 
conventions, including substitution of letters for numbers in algebraic 
expressions. I gave the teachers a copy of the worksheet in advance, and 
they confirmed that they would reasonably expect the pupils to be able to 
attempt all the questions on the worksheet.  
 
5.1.1 Administration of the worksheets 
 
The worksheets were administered by the class teachers in a normal 
mathematics lesson.  Each pupil in the class was given a copy of the pilot 
worksheet (see Appendix F for the UK and Japanese versions of the pilot 
worksheet). For the Japanese class the instructions were translated into 
Japanese but everything else was exactly the same.  There were twelve 
questions altogether, eight questions being arithmetic and four involving 
substitution of numbers into algebraic expressions. The pupils were told that 
this was a worksheet and not a test and that if they couldn’t do a question 
they should just leave it and put a cross in the answer box.   Although it was 
not a test, the worksheets were completed under test conditions, so that the 
pupils worked on their own without talking to each other and they were 
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given as much time as they needed.   They were asked to answer all the 
questions that they were able to by working out the answers to the 
calculations without using a calculator. They were encouraged to write 
down their methods of working in the spaces provided. The pupils were told 
that their work would be marked and returned to their class teacher so that 
they would then have the opportunity to go through any of the questions 
with their teacher at that stage.  
 
The pupils were also informed that they did not have to write their names on 
the worksheets but if they did their names would not be used in the study 
and neither would the name of their school or their teacher.  They were each 
given a pupil number and encouraged to make a note of it if necessary for 
when their work was returned and they were assured that they would have 
the opportunity to discuss the questions with their teacher when the work 
was returned.  
 
When the worksheets were given to me I performed an initial marking 
exercise,  scoring each worksheet,  and then copied the worksheets so that I 
could return the originals to the class teacher with a summary of scores.  
 
Having performed this initial marking I then analysed the worksheets by 
investigating the pupils’ written working, in particular focusing on the 
incorrect answers, analysing these for the different types of errors and 
misconceptions that appeared.  
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5.2 Analysis of the results 
 
5.2.1 Initial statistical analysis 
 
Although I was more interested in the nature of the errors than the number 
of correct answers, it was helpful to start by looking at the worksheet scores, 
which were marked out of 12.  A summary of the scores is given in table 5.2 
and represented by boxplots in figure 5.1: 
 
 Mean Standard 
Deviation 
Minimum 
value 
Maximum 
value 
UK  School 
X 
n = 20 
6.7 2.98 1 12 
Japan 
School Y 
n = 33 
11.2 0.88 9 12 
                              Table 5.2    Summary of Pilot Worksheet Scores 
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Boxplot Comparison of School X  (UK)  and School Y (Japan) 
Figure 5.1  Boxplots to illustrate and compare the results of the pilot 
worksheets 
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A Mann-Whitney test was carried out in order to compare the results from 
the two schools. This test was chosen because the samples were small and 
not normally distributed, so a non-parametric test was needed.   The scores  
were found to be significantly different, with a p-value of less than 0.001.  
However it must be acknowledged that with such small sample sizes this 
result must be treated with caution and can only be used to compare the two 
particular classes in the pilot study.  
 
5.2.2 Analysis of the types of error 
 The first class to complete the pilot task was the UK class.  I 
analysed every incorrect answer and tried to decide on the 
nature of the misconception or error, and developed a list of 
emergent errors.  I decided that these could be put into three 
categorise misconceptions  associated with order of 
operations 
 Problems with algebraic and notational conventions 
 Arithmetic errors  
 
I was primarily concerned with the first two categories, as the third category 
contains errors that are due to minor errors rather than misconceptions or 
misunderstandings. 
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As the data analysis continued I built up a list of different types of error.  
These are shown below, together with examples of pupils’ work from UK 
school X: 
 
MISCONCEPTIONS IN ORDER OF OPERATIONS 
M1  Works left to right    
These are cases where the calculation is performed in order from left to right 
ignoring the usual mathematical conventions, for example  2 + 3 × 4 + 5 = 
25. Figure 5.2 shows an example of this type of misconception:  
 
 
Figure 5.2   Example of misconception M1 from School X  Pupil 7 
 
 
 
 
 
M2 ignores bracket when with power 
In some cases the pupils seemed to “ignore” the brackets when there was a 
power outside the bracket. This resulted in calculating  (1 + 2)²   as  1 + 2²   
or   (2 × 3)² as 2 × 3²   .  Examples of this type of misconception are shown 
in figure 5.3.  
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School X Pupil 4  
 
 
School X Pupil 8  
 
 
Figure 5.3  Examples of misconception M2 from School X Pupil 4 and 
Pupil 8  
 
 
M3  Addition before power   
 
If a calculation contained an addition and a power, some pupils performed 
the addition first, for example    interpreting 2 + 4²  as (2 + 4)²   This could 
also be regarded as a left-to-right interpretation, but when this was observed 
it usually appeared independently from misconception M1 in previous 
questions, therefore it was decided to categorise this separately.  An 
example of this is shown in the numerator of the calculation in figure 5.4.  
This pupil had answered all questions correctly up to this question, and had 
shown no previous evidence of left-to-right thinking.  Figure 5.4 also gives 
an example of this misconception from pupil 18, which cannot be seen as 
left-to-right thinking, since the value in brackets is calculated first and then 
added to the 4 before squaring.  
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School X Pupil 6 
 
School X Pupil 18 
 
 
 
Figure 5.4 Examples of misconception M3 from School X Pupil 6 and 
Pupil 18  
 
 
M4  Addition before multiplication  
 
In some cases the pupil demonstrated that they knew that an order was 
required, but put addition before multiplication. This was sometimes 
emphasised by the inclusion of brackets around the additions, as 
demonstrated in the example of work by pupil 16 in figure 5.5 in which the 
pupil has evaluated  2 + 3 × 4 + 5 as (2 + 3) × (4 + 5)  
 
 
Figure 5.5 Example of misconception M4 from School X Pupil 1 
 
 
MISCONCEPTIONS WITH ALGEBRAIC AND NOTATIONAL 
CONVENTIONS 
 
C1  misunderstands power notation    
Some pupils were not able to correctly square a number, the most frequent 
interpretation being that they would multiply by 2.  This was usually, but 
not always, applied consistently.  Figure 5.6 exemplifies this, showing work 
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from pupil 3 in which this misconception does not appear until the 
calculations involve brackets and fraction notation, and work from pupil 5 
who consistently multiplies by 2 instead of squaring: 
 
 
  
School X Pupil 3 
School X Pupil 5 
 
 
 
Figure 5.6 Examples of misconception C1 from School X Pupil 3 and 
Pupil 5 
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C2 misunderstands algebraic convention for multiplication  
 
Some pupils did not recognise ab as a multiplication but interpreted  ab as a 
2-digit number. This misconception was also demonstrated when a variable 
appeared outside a bracket.  This can be seen in the work of pupil 1 and 
pupil 3 in figure 5.7.  Pupil 1 was unable to calculate 2(3 +4) and gave no 
answer to this.  Pupil 3 interpreted ab as a 2-digit number but performed an 
addition when the variable appeared outside a bracket. 
 
 
 
School X Pupil 1 
 
School X Pupil 3 
 
Figure 5.7  Examples of misconception C2 from School X Pupil 3 and 
Pupil 5  
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C3  misunderstands fraction as a division   
Some pupils did not recognise fraction notation as a division, or became 
confused when this appeared as part of a more complex algebraic 
expression. Figure 5.8 shows the work of pupil 13, who adds the numerator 
and denominator (and also demonstrates misconceptions C1 and M3) and 
pupil 5,  who also adds the numerator and the denominator but only when 
the fraction is algebraic, and pupil 4,  who realises that a division is 
required, but is confused about which way to divide.  
 
 
School X Pupil 13 
 
 
School X Pupil 5 
 
 
School X Pupil 4 
 
 
 
 
 
 
 
Figure 5.8 Examples of misconception C3 from School X Pupil 13,  
Pupil 5  and  Pupil 4 
 
 
 
 
124 
 
 
 
 
 
 
ARITHMETIC  ERRORS 
 
A1   error with multiplication tables or addition 
Some pupils wrote down the correct calculation and the only mistake 
appeared to be an incorrect multiplication or addition.   For example, in 
figure 5.9 pupil 14 writes 3 × 3 = 6. This appears to demonstrate that she 
does understand that squaring involves multiplying the number by itself, and 
she had successfully squared numbers previously on the worksheet, with no 
errors, so this was taken to be  a careless multiplication error.  In Figure 5.9 
it can also be seen that pupil 2 wrote 2 × 3 = 5, which was taken to be a 
multiplication error.  
 
School X Pupil 13 
 
School X Pupil 2 
 
 
Figure 5.9 Example of error A1 from School X Pupil 13 and pupil 2  
 
 
A2   transcription error or careless error 
Sometimes pupils made transcription errors. When this was observed it was 
usually in one of the last four questions in which numbers were substituted 
into algebraic expressions, as demonstrated in the work of pupil 9 and pupil 
11 in figure 5.10. The only error that pupil 9 made was to substitute the 
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variable d incorrectly for the number 4 instead of 5 in the numerator of the 
expression. Similarly pupil 11 substituted the variable a incorrectly for 4 
instead of 2, and although 4² was correctly evaluated to be 16, there was 
then another careless error in failing to add 2 + 16 correctly. This was taken 
to be a “careless error” Sometimes a pupil made an error that was classified 
as a “careless error”  
 
 
 
School X Pupil 9 
 
School X Pupil 11 
 
 
 
Figure 5.10  Examples of error A2 from School X Pupil 9 and Pupil 11 
 
 
Although at this stage I did not see the careless errors as being particularly 
significant to this study, I did notice as the main study progressed that a 
number of pupils seemed to “change sign” often changing a multiplication 
to an addition, as seen in the examples in figure 8, so at a later stage another 
category of misconception was introduced and this will be discussed in 
further detail in chapter 7. 
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I was then able to complete a spreadsheet of results for each pupil with 
every incorrect answer coded.  (Appendix H)  In some cases I was unable to 
determine the nature of the error or misconception, in which case the code 
used was a question mark.  
 
When the Japanese worksheets were returned I was able to carry out the 
same process with them, and although it was apparent that the Japanese 
pupils displayed far fewer misconceptions, their misconceptions appeared to 
be different, so I added two more categories. These are given below, with 
examples of the work of some of the Japanese pupils:  
 
M5  Incorrect interpretation of a power outside a bracket 
Some Japanese pupils were unable to successfully square the number in a 
bracket, as shown in the work of pupil 25 in figure 5.11. This pupil had 
successfully squared single numbers, but was unable to do this when the 
number was an expression inside a bracket, as seen in the denominator in 
figure 5.11.  This could have been an unsuccessful attempt to square the 
bracket algebraically.  
    
 
Figure 5.11 Example of misconception M5  from School Y Pupil 25 
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C4  Interprets divisions as fractions but then makes mistake in addition 
of fractions 
Some Japanese pupils did not immediately see  
 
 
  as a division but tried to 
calculate    
 
 
 as a problem involving the addition of two fractions. In 
many cases this was successful but sometimes this was not carried out 
correctly. The work of pupil 21 in figure 5.12 exemplifies this. Whilst this 
pupil has been unable to add fractions successfully, the workings 
demonstrate that he does recognise that 
  
 
  is a division, and he correctly 
evaluates this to be 4.  
 
Figure 5.12 Example of misconception C4 from School Y Pupil 21 
 
 
A3 Tries to square brackets algebraically but makes an algebraic 
mistake 
Many of the Japanese pupils evaluated (   )  by treating it algebraically 
and squaring the bracket.  This was often completed successfully, but 
sometimes this included an algebraic mistake, as shown in the work of pupil 
31 in figure 5.13 in which (   )  is evaluated as   (   )      
        in the denominator of the fraction.  
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Figure 5.13 Example of error A3 from School Y pupil 31 
 
5.3 Discussion of results 
The UK pupils displayed a range of errors and misconceptions.  Many did 
not apply the correct order of operations even in the simple case of  
2 + 3 × 4 + 5, where they used a left-to-right interpretation.  Quite a few 
pupils misinterpreted or misunderstood the power notation and many 
displayed a poor understanding of algebraic notation in general, being 
unable to successfully substitute numbers into algebraic expressions.  
Appendix E gives a complete analysis of all these findings.  The most 
common misconception was the “left to right” method of calculation, 
categorised as M1,  with 10 of the pupils (50%) consistently applying this 
error.  A summary of the frequency of errors is given in table 5.3: 
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Category of 
error 
Number of 
pupils who 
demonstrate 
this 
Percentage 
of pupils 
   
M1 10 50.0 
M2 1 5.0 
M3 6 30.0 
M4 2 10.0 
M5 0 0.0 
   
C1 6 30.0 
C2 13 65.0 
C3 2 10.0 
C4 0 0.0 
   
A1 0 0.0 
A2 1 5.0 
A3 0 0.0 
 
Table 5.3  Frequencies of errors for pilot school X (UK)     n = 20 
 
The Japanese pupils achieved significantly higher scores than the UK 
pupils, and 14 of them answered all the questions correctly.  This could be 
partly accounted for by the fact that they were a year older than the UK 
pupils, but the Japanese class was a mixed-ability class compared to the UK 
class which was grouped according to ability and categorised by the class 
teacher as “middle-attainment”. What was more interesting was the different 
types of errors that were seen in the work of the Japanese pupils. 
The main difference that emerged in the working methods employed by the 
Japanese pupils was that they appeared to view this as an algebraic exercise, 
employing algebraic techniques in order to calculate the arithmetic 
calculations. This was very much in contrast to the methods used by the 
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pupils in the  UK.  Often these techniques resulted in correct answers, but 
most incorrect answers appeared to be a result of making a mistake in 
multiplying out brackets algebraically.  
 
The question that produced the greatest number of incorrect answers from 
the Japanese pupils was question 8:  
      
(   ) 
 
and the next highest rate of errors was observed in question 7: 
4 + (2 × 3)² 
 Some examples of the algebraic techniques employed by the Japanese 
pupils are shown in figures 5.14 and 5.15. 
 
 The work of three of the Japanese pupils is shown in figure 5.14 and 5.15 
and these are typical of the methods that were employed by the majority of 
the Japanese pupils.  
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Pilot School Y Pupil 29 
 
Pilot School Y Pupil 31 
Figure 5.14 Examples of algebraic techniques giving correct answers 
School Y  
  
 
Pilot School Y Pupil 18 
 
Pilot School Y Pupil 29 
 
Pilot School Y Pupil 33  
Figure 5.15  Examples of algebraic techniques leading to incorrect 
answers School Y 
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The calculation (1 + 2)²  , in the denominator of the fraction, was frequently 
attempted by multiplying out brackets: 
                               (1 + 2)²   = (1 + 2)(1 + 2) = 1 + 2 + 2 + 4 = 9  
This was often carried out correctly but sometimes resulted in arithmetic 
errors (see figure 5.15)   This type of mistake was the main reason for 
wrong answers for the Japanese pupils.  
 
The majority of incorrect answers for the Japanese pupils were the result of 
an incorrect attempt to multiply out the brackets in the denominator using an 
algebraic-style approach. They displayed very few actual misconceptions, 
with only one pupil demonstrating the “left to right” misconception.  This 
can be seen in the complete summary of the analysis of their work in 
Appendix H. 
 
The last four questions, involving substitution of numbers into algebraic 
expressions, were completed very successfully with many pupils answering 
them all correctly, and no Japanese pupil made more than one mistake in 
this set of questions. Only six mistakes were observed in total, and these 
were all categorised as arithmetic or careless errors. An example of this is 
shown in figure 5.16: 
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Figure 5.16  Example of arithmetic or careless error by Pupil 7 in 
School Y in the substitution questions  
 
 
The results revealed that 27 of the 33 Japanese pupils got all four questions 
in the last sections correct, and figure 5.17 shows a typical set of responses, 
exemplifying the Japanese pupils’ methods of working which involve 
multiplying out the brackets, even after the numbers have been substituted 
into the expressions:  
 
School Y  Pupil 29 
Figure 5.17  Example of Japanese pupils’ methods for the algebraic 
substitutions 
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A summary of the frequencies of the Japanese pupils’ errors is given it table 
5.4: 
Category of 
error 
Number of 
pupils who 
demonstrate 
this 
Percentage 
of pupils  
   
M1 1 3.0 
M2 5 15.2 
M3 0 0.0 
M4 1 3.0 
M5  3 9.1 
   
C1 1 3.0 
C2 0 0.0 
C3 0 0.0 
C4 1 3.0 
   
A1 1 3.0 
A2 7 21.2 
A3 2 6.1 
 
Table 5.4  Frequencies of errors for pilot school Y (Japan)     n = 33 
 
5.4  Conclusions from the pilot study and implications for the main 
study 
 
It was clear that the class of pupils in  Japan performed significantly better 
than the class in the UK, but that the misconceptions that did arise were 
different to those that emerged from the pupils in the UK  class.  The main 
difficulties that arose for the  pupils in the Japanese class arose from their 
desire to tackle everything with an algebraic approach, despite the fact that 
the numbers were very simple to work with.  The only question that the 
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Japanese pupils seemed to have any significant difficulties with was 
question 8, which involved a division with a bracket in the denominator.  
It was also clear that the pilot questions had not really tackled the issue of 
working with negative numbers, in particular the ability to square negative 
numbers correctly.  This can be a particular issue when working with 
scientific or graphics calculators, since it is often necessary to put the 
negative number in brackets before squaring, in order to obtain the correct 
positive answer.   For example if -3² is entered, many calculators will 
produce the answer   -9.  There is also often confusion about the role of the 
“negative” key and the “subtract” key.  These issues are exemplified in 
figure 5.18 in which the correct way of squaring a negative number on a 
graphic calculator is shown, along with the two most common incorrect 
ways.  This also applies to scientific calculators.  
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Correct: The negative key is used and brackets are included 
 
Incorrect: The negative key is used but brackets are not included 
 
Incorrect: The subtract key is used instead of the negative key 
 
 
The resulting error message when the subtract key is used incorrectly  
 
 
Figure 5.18 The correct method for evaluating (-3)² on a calculator, and 
some common incorrect methods 
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If the pupils do not have a clear idea of these issues in their non-calculator 
work, they will find the use of the calculator to be confusing and this may 
well lead to misconceptions being reinforced.  I therefore felt it necessary to 
include at least one question in the main study that would address this issue. 
I also felt that since the pilot study had not included any calculations 
involving subtractions it could be improved by including at least one 
question involving a subtraction when planning the main study. These issues 
are described in chapter 6.  
 
5.5  Summary 
The pilot study was important in terms of trialling the non-calculator 
worksheet and developing it in order to produce the non-calculator 
worksheet that was to be used in the main study, and to develop a 
corresponding worksheet that would be used with calculators. The results of 
the pilot study were significant in highlighting the differences between the 
work of the classes of pupils in the UK and Japan.  
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CHAPTER 6: IMPLEMENTING THE MAIN STUDY 
 
6.0  Introduction  
 
In this chapter the implementation of the main study is described and the 
detail of the research methodology is discussed with regard to the practical 
issues that needed to be considered.  The worksheet scores are analysed by 
considering the summary data and performing appropriate hypothesis tests 
in order to investigate any differences between the pupils’ performances in 
the two worksheets and also for any differences between the results from the 
different classes. Whilst it is not possible to make any generalisations from 
these results it is nevertheless a good starting point to investigate the 
available quantitative data before moving on to an analysis of the qualitative 
data which will be described in chapters 7 and 8.  
 
6.1  The revised worksheets 
 
Having analysed the results of the pilot study the non-calculator worksheet 
was revised and a with-calculator worksheet produced.  These were called 
worksheet 1 (non-calculator) and worksheet 2 (calculator allowed).  These 
are given in appendix G. The questions in worksheet 2 were identical in 
structure to those in worksheet 1, but contained decimal numbers instead of 
integers. This was to encourage the pupils to use their calculators.  The 
pupils were provided with TI84 calculators which had the Key Recorder 
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software running in order to do worksheet 2, so that a record of their 
calculations could be obtained.  
 
Question 6 (originally 2 × 3²) from the pilot worksheet was adapted as 
shown below. 
 
 Question 6    2 × (-3)²           (worksheet 1)  
                     2.6 ×(-3.7)²        (worksheet 2) 
This was done to include a question involving a negative number, since this 
is emphasised in the mathematics framework exemplification (DCSF, 2008, 
p. 87) 
 
The first new question to be introduced was question 7, shown below. 
Question 7       2 × (6 – 4)                  (worksheet 1)  
                                    2.47 × (4.26 – 1.79)    (worksheet 2) 
 
This was included in order to ensure that there was one question which 
involved a subtraction. 
 
The second new question to be introduced was question 9, shown below. 
 
Question 9         
   
    
                  (worksheet 1)  
                              
       
        
           (worksheet 2) 
This was included so that there was a question involving a division but no 
brackets.  
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Apart from these changes the structure of the pilot study worksheets was 
retained, with the final four questions still involving the need for 
substitution of numbers into algebraic expressions.  
 
The worksheets were translated into Dutch by a colleague in the 
Netherlands so that they could be given to pupils in school D.  
 
6.2  Conducting the main study  
The main study took place over a period of two years and involved 148 
pupils altogether, from five schools in three different countries (the UK, the 
USA and the Netherlands).  Each school involved in the study was a state-
run school and the classes chosen were all middle-attaining classes of pupils 
in the age range 12 – 14.   
 
Table 6.1 summarises the information on the classes of pupils involved: 
 
 Number of 
pupils 
Country Age of pupils 
School A  17 UK 12 - 13 
School B  27 UK 12 - 13 
School C 29 UK 12 - 13 
School D  22 Netherlands 13- 14 
School E class 1  28 USA 12 - 13 
School E class 2 27 USA 13 – 14  
 
Table 6.1  Summary of the classes of pupils involved in the study 
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6.2.1  Conducting the study in the UK schools 
 
In the case of schools A, B and C in the UK  I was able to visit each of the 
schools and conduct the research with the class teacher present. I made two 
visits to each school. The first visit was to give the pupils the worksheets to 
complete. Each session took one lesson, and in each of the three schools the 
length of a lesson was one hour. This proved to be long enough for all 
pupils to complete both worksheets with time to spare. The second visit took 
place between a week and two weeks later, and the purpose of this visit was 
to conduct interviews with some of the pupils who had completed the 
worksheets, and with the class teacher. The pupils to be interviewed were 
selected after the analysis of the work had been completed; I wanted the 
opportunity to discuss a range of the misconceptions that had been identified 
within the class and I selected a sample of pupils whose work had 
demonstrated different misconceptions across the range.  The marked work 
was also returned to the class teacher at this stage, so that it could be 
returned to the pupils in their mathematics lesson and discussed with them 
as appropriate.  
 
6.2.1.1  The first visit 
 
Before the session I had to set up the calculators so that the Key Recorder 
software was running.  Each calculator was numbered. I had already briefed 
the class teachers about my research and about the Key Recorder software 
(Appendix K).   The teachers had been given copies of the worksheets and 
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they were fully informed with regard to how I intended to conduct the 
session.  
 
I started each session by introducing myself to the pupils, briefly explaining 
my role at the University of Plymouth and why I was interested in finding 
out about how pupils go about certain aspects of their work in maths. I 
explained that I would not be using their names, or the names of their 
teacher or their school, and that they did not have to write their name on the 
worksheets if they did not want to. They did need to write their pupil 
number, which was the same as the number on the calculator that they 
would be given. I asked them to make a note of their number in their maths 
book, so that they could identify their work when it was given back.  I made 
it clear that this was not a test and would not be used by their teacher in any 
form of assessment within school, but that they might find it helpful to go 
through the worksheets with their teacher after I had marked them and 
returned them.  
 
With the help of the class teacher I distributed the worksheets and the 
calculators.  I instructed the pupils that they should first complete worksheet 
1, the non-calculator worksheet, and encouraged them to write down their 
workings in the spaces provided. There was no time limit and they could 
take as much time as they needed.  They were told that if they could not do 
a question they should put a cross in the answer box. The pupils were told 
that when they had finished worksheet 1 they should start on  
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worksheet 2 and use the calculator that I had provided them with.  Again 
there was no time limit. In each school I had previously checked with the 
teacher that the pupils had used graphics calculators before, but I explained 
to the pupils that they would be using the calculator in the same way as their 
own scientific calculators, and that if they needed any help operating the 
calculator, such as finding a particular button, they could ask either me or 
their teacher.  In practice the main reason for asking for help was to find the 
negative key              and the power key              , as some pupils chose to 
use this key rather than the squared key             .   The vast majority of 
pupils in all three schools appeared to be confident with using the 
calculators and needed very little help.  
 
When they had finished both worksheets the pupils gave them in to me or to 
their teacher, and they were able to spend the remainder of the lesson on a 
mathematical activity that I had arranged with the class teacher.   
 
Towards the end of the lesson, after all the pupils had completed both 
worksheets and handed them in, with the calculators, I spoke to the whole 
class. I explained that I would mark their work and return it to their teacher 
to give back to them, and that if they had found any of the work difficult 
they would have the opportunity to go over it with their teacher. I then 
described the Key Recorder software and explained that I would be able to 
replay all their key strokes and see their calculator screens exactly as they 
had used them. I made it clear that my reason for doing this was to gain an 
understanding of their ways of working and their methods of carrying out 
(-) ^ 
x²
145 
 
 
 
 
 
 
the calculations on their calculators.  I then explained that if anyone did not 
want me to view their calculator data they could tell either myself or their 
class teacher and I would erase their data without viewing it. I also 
explained that if anyone did not want me to use their worksheet data in my 
study they could tell me or their class teacher.  In practice none of the pupils 
requested that their data be erased or not used.  Finally I told the pupils that 
I would be coming back again to interview a few of them about their work.  
I did not tell them how I would be selecting them for interview but I  
assured them that they would not have to be interviewed if they did not want 
to.   
 
6.2.1.2  Between the first and second visit 
 
It was important that I marked and returned the worksheets promptly. I 
wanted to conduct the pupil interviews as soon as possible after they had 
completed the work, and I wanted to return the marked work promptly to 
the class teacher so that they could return it to the pupils and go through the 
work as appropriate.  I also needed to video record the Key Recorder data 
quickly, so that I could review the recordings before interviewing the pupils, 
and also because the calculators would be needed by other members of staff.   
 
I initially marked and scored the worksheets out of 14, and photocopied 
them so that I could return the originals to the class teacher on my second 
visit.  I also used the Key Recorder software to play back the pupils’ 
keystrokes on each calculator, and video-recorded each one as I played them 
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back. Each calculator was numbered so that I would be able to identify them 
with the pupil numbers on the worksheets.  I then analysed the pupils’ work 
for misconceptions leading to incorrect answers.  Analysing worksheet 1 
involved inspection of the workings that the pupils had written on the 
worksheets; analysing worksheet 2 involved playing back the video 
recordings of the Key Recorder data for each pupil alongside their answers 
in worksheet 2.   In some cases the pupils had also written some workings 
on worksheet 2, which could be used in the analysis alongside the keystroke 
recordings, but this was not done as frequently as in worksheet 1, as most 
pupils just wrote down the answer that they had obtained on the calculator. 
On the basis of an initial analysis of the pupils’ work I selected a number of 
pupils who I hoped to interview.  
 
6.2.1.3  The second visit 
 
Having analysed the pupil worksheets I then made a second visit to the 
school, between one and two weeks after my first visit, and carried out the 
interviews with some of the pupils who I had selected.  The pupils were told 
that they did not have to be interviewed and that they could withdraw from 
the interview at any time. They were told that the interviews would be 
recorded but that I would not be addressing them by name, and they were 
also told that if at any stage afterwards they decided that they did not want 
me to use their interview data they could tell their teacher who would be 
able to inform me.  
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The interviews were conducted during one of the pupils’ mathematics 
lessons, with the agreement of the class teacher. In each school I was able 
use either an empty classroom or an office and the pupils were able to leave 
their mathematics lesson in order to be interviewed by me.  
 
The interviews were semi-structured and open.  I started each interview by 
thanking the pupil for agreeing to be interviewed and checking that they 
were still happy to be interviewed. On one occasion, a pupil did reply that 
he did not wish to be interviewed, so I thanked him anyway and allowed 
him to return to his maths lesson. The questions that I asked the pupils 
depended upon their own workings and answers. I always started by 
pointing out their correct answers, and praising them for answering these 
questions correctly, before looking at the questions that they had got wrong.  
It was clearly important to conduct this sensitively, particularly if the pupil 
had got a number of questions wrong. The questions I asked depended upon 
the individual pupil’s workings, but were of the form “Can you explain to 
me what you did here?”, “Can you see what went wrong with this 
question?”   “What do you think you needed to do in this question?”  Some 
pupils had written “BODMAS” or “BIDMAS” on their worksheet, so I 
asked them why they had written it and what it meant. In addition to trying 
to find out what the pupil had been thinking I also took care that whilst 
discussing the misconceptions I tried to address them with the pupil, as far 
as possible in the time allocation, in order to leave the pupil with a positive 
feeling that they understood where they had gone wrong.  This lengthened 
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some of the interviews, but I saw it as an important part of the process, and 
indeed I was thanked by some pupils for helping them to understand the 
work more clearly. Each pupil interview lasted about 10 minutes. The 
interviews were later transcribed.   
 
On my second visit to each school I also interviewed the class teacher.  I did 
not record these interviews but made field notes as we talked. I wanted to 
create the atmosphere of a professional chat rather than a formal interview. 
The notes sometimes involved diagrams and examples, and I was able to 
share these with the teacher and discuss them as we talked.  I ensured that 
each of the teachers was aware that I would be using our conversation to 
inform my research and from time to time I would check with them that 
they were in agreement with the notes that I was writing down.  I informed 
the teachers that I would not be naming them, or their school, or any of their 
pupils in my research, and that they could at any stage request that I do not 
use their interview data in my research.  
 
The interviews were open and semi-structured. I had some set questions 
which I asked each teacher (appendix K) but the tone of the interview was 
conversational and did not adhere to a strict interview format. Often the 
response of the teacher would lead to some follow-up questions, and at 
times the interviews became more of a conversation between professional 
colleagues. I considered this to be very helpful, as it enabled me to gain 
greater insight into how their views and opinions about the curriculum and 
the resources they used impacted on their teaching methods, and I did not 
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feel that I would have achieved this depth of insight in a more formal, 
recorded interview.  
 
The teacher interviews took between 30 – 40 minutes and at the end I 
thanked them for their time and promised that I would make my research 
findings available to them on its completion. 
 
6.2.2 Conducting the study in the other countries 
 
In the case of schools D and E (Netherlands and New York State, US) I was 
unable to visit the schools myself so I relied upon colleagues in each 
country to administer the worksheets with classes in their schools. I had 
chosen to approach these teachers because I had met them in professional 
settings and had asked them if they would be willing to help me with this 
aspect of my research. I ascertained that they would be able to conduct this 
study with classes of similar ages and attainment groups to those that I had 
worked with in the UK. I showed them both worksheets and confirmed that 
they felt confident that the pupils in the classes that they intended to work 
with should reasonably be expected to tackle all the questions.  I briefed the 
teachers fully about the conditions that the pupils would need to work in, 
and obtained the appropriate permission and ethical consent.  Since the Key 
Recorder software was not being used this was not an issue when obtaining 
ethical consent.  
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Both worksheets were completed by the pupils, in the same conditions as in 
the UK schools.  When working on worksheet 2 the pupils were able to use 
their own calculators. In each school I was informed by the teachers that all 
the pupils would have access to a scientific calculator when completing the 
worksheet, and if they did not have a calculator of their own, they would be 
provided with a scientific calculator by the school.  
 
The staff in schools D and E were fully briefed with regard to the ethical 
considerations outlined previously, although the issue of the Key Recorder 
data was clearly not relevant in these cases.  
 
The worksheets were completed within a mathematics lesson and sent to 
me.  I marked and returned them, keeping photocopies for further analysis. I 
was then able to analyse both worksheets for misconceptions in the incorrect 
answers. Although I did not have any Key Recorder data to inform my 
analysis of worksheet 2,   I was able to use my experience of analysing the 
Key Recorder data in schools A, B and C to identify many of the methods 
that led to particular wrong answers, and therefore to make an informed 
assumption about what the pupil was likely to have keyed into the 
calculator.  
 
In the case of school D in the Netherlands the class teacher expressed her 
willingness to take part in the study and initially I had considered using 
Skype or some form of video conferencing to conduct the interview. 
However this teacher was concerned that the shortcomings of her academic 
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English may have made this difficult and suggested that she would feel 
more comfortable if I sent her questions by email, allowing her time to think 
about her answers and ensure that her English was correct. This approach 
facilitated an exchange of emails and I was able to pose further questions in 
the same way that I had in my interviews with teachers in the UK, and so I 
was confident that I had been able to obtain sufficient depth of information 
by interviewing her in this manner.  She also sent me examples of teaching 
resources that she had used when teaching her class about the order of 
operations.  
 
I was unable to do this in school E in New York State.  The colleague who I 
had approached and discussed my work with taught mathematics in a High 
School, and in order to carry out the study with children of the required age 
group she needed to approach colleagues in a middle school in the same 
school district.  This meant that I had no direct contact with the teachers of 
the two classes that were used for my study, and therefore was unable to 
interview them.  However I was able to talk to two colleagues from New 
York State who visited the University of Plymouth in connection with their 
own research. One teaches in a middle school and the other is involved in 
teacher education in middle schools, so both were able to talk to me about 
the teaching methods, approaches and resources that are used across the 
state. There is a considerable degree of common practice across the state so 
I felt confident that these conversations would enable me to elicit the sort of 
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information that would be relevant to the teaching and learning of the pupils 
who took part in the study.   
 
6.3   Analysis of the pupil worksheets 
 
My main objective was to analyse the worksheets for misconceptions, but as 
an initial part of the data analysis I investigated the total scores, out of 14, 
for the pupils in each of the classes, before trying to analyse and categorise 
the pupils’ misconceptions that I observed. 
 
6.3.1 Analysis of the worksheet scores 
 
An initial summary was made of the worksheet scores (out of 14) for each 
class, given in table 6.2  
                                   
 Worksheet 1   
(non-calculator) 
Worksheet 2  
(with calculator) 
 min max mean standard 
deviation 
min  max mean standard 
deviation 
School A 5 14 9.41 2.65 6 12 9.88 1.80 
School B 3 13 8.85 2.36 3 13 8.85 2.57 
School C 4 12 8.41 2.21 3 14 10.04 2.74 
School D 8 14 12.59 1.46 10 14 12.65 1.37 
School E  
class 1 
4 14 10.75 2.47 5 14 9.89 2.63 
School E  
class 2 
7 14 11.52 1.78 6 14 10.22 2.50 
 
Table 6.2   Summary Data for worksheet scores 
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These data are displayed using boxplots in Figure 6.1  
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Boxplot summary and comparison of worksheet scores
 
Figure 6.1  Boxplots to illustrate the worksheet scores for each class 
 
 
6.3.2  Comparison of scores in worksheet 1 and worksheet 2 
 
Since each worksheet contains calculations which are structurally identical, 
it is first interesting to investigate pupils who achieve significantly different 
scores in each worksheet.  This comparison was carried out for each school 
with a paired t-test. This was used because the sample sizes were small and 
from inspection of the data the distributions were seen to be reasonably 
normal and it was assumed that they came from normal populations.  In 
each case the null and alternative hypotheses take the form: 
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Ho: There is no difference between the mean worksheet scores  
H1: There is a difference between the mean worksheet scores 
 
The test was carried out at the 5% significance level.  Table 6.3 summarises 
the results of the paired t-tests. The significant values are labelled with an 
asterix: 
 
 
n t-value p-value 
School A 
17 -0.60 0.558 
School B 
27 0.00 1.000 
School C 
29 -2.77 0.01* 
School D 
22 -0.72 0.482 
School E   
class 1 
28 1.26 0.215 
School E  
class 2 
27 2.87 0.008 * 
 
Table 6.3   Results of paired t-tests for differences between scores 
                   in worksheet 1 and  worksheet 2 for each school 
             
In the UK, only one of the three schools, school C, exhibited a statistically 
significant difference between the worksheet scores and in this case the 
pupils performed better in worksheet 2 than in worksheet 1.  In school B the 
mean scores were identical for the two worksheets, and in school A the 
mean score was slightly higher for worksheet 2 although this was not 
statistically significant.   This would suggest that the overall performance of 
the UK pupils appeared to be largely unaffected by the use of the calculator, 
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despite the fact that the pupils were working with calculators that were not 
their everyday calculators, and that if the use of calculators did have an 
effect, this was a positive effect.  
 
In the US, the pupils in class 1 (grade 7) scored slightly better on worksheet 
2 than worksheet 1, although this was not significant.  In class 2 (grade 8) 
the mean score for worksheet 1 was significantly higher than that for 
worksheet 2, indicating that the pupils performed better on the non-
calculator questions than when using a calculator. In school D (the 
Netherlands) there was no statistically significant difference between the 
scores in each worksheet.  
 
6.3.3 Comparison of the scores from the different classes 
 
The boxplots in figure 6.1 suggested that it would be worth looking into 
possible differences between the scores from class to class, therefore a one-
way Analysis of Variance was carried out. The assumptions were that the 
variances of the samples were approximately equal and the population 
distributions were assumed to be normal. As this was an opportunity 
sample, it was not random but is used to enrich and inform the case study 
approach. In order to compare like with like I carried this out on the scores 
from each worksheet separately, ie an analysis was made for the scores in 
worksheet 1 in each class, and then again for the scores in worksheet 2. The 
95% confidence intervals for the mean scores for each worksheet are shown 
in figures 6.2 and 6.3 and demonstrate that in both worksheet 1 and 
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worksheet 2 there is a significant difference (no overlap of confidence 
interval) between the scores of the class in school D compared to those 
classes in schools A, B and C.  The results of the ANOVA are given in table 
6.4    
 
 
         
 
 
 
 
Figure 6.2 Individual 95% confidence intervals for the mean for 
Worksheet 1 
 
                           
                      
 
 
 
 
 
 
Figure 6.3 Individual 95% confidence intervals for the mean for 
Worksheet 2 
 
 
Figure 6.3 Individual 95% confidence intervals for the mean for 
Worksheet 2 
 
 
 
 
 
Individual 95% CIs For Mean Based on Pooled StDev 
Level                       +---------+---------+---------+------
--- 
school A sheet 1                  (------*------) 
school B sheet 1               (-----*-----) 
school C sheet 1            (-----*-----) 
school D sheet 1                                     (------*----
-) 
School E class 1 sheet 1                    (-----*----) 
School E class 2 sheet 1                       (-----*----) 
                            +---------+---------+---------+------
--- 
                          7.5       9.0      10.5      12.0 
 
Individual 95% CIs For Mean Based on 
                          Pooled StDev 
Level                     -------+---------+---------+---------+-- 
school A sheet 2               (-------*------) 
school B sheet 2          (-----*-----) 
school C sheet 2                  (-----*-----) 
school D sheet 2                                  (------*-----) 
School E class 1 sheet 2         (-----*-----) 
School E class 2 sheet 2         (-----*-----) 
                          -------+---------+---------+---------+-- 
                               9.0      10.5      12.0      13.5 
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Table 6.4 Analysis of Variance comparing the mean scores of the classes 
for worksheet 1 and worksheet 2 
 
 
This analysis also indicates that there were no statistically significant 
differences in performance between any of the schools in the UK, and no 
statistically significant differences between the two classes in the US.  This 
demonstrates a degree of consistency in the results for the classes in each of 
these countries. 
 
Worksheet 1 
Source   DF      SS     MS      F      P 
Factor    5  272.74  54.55  11.01  0.000 
Error   142  703.82   4.96 
Total   147  976.56 
 
S = 2.226   R-Sq = 27.93%   R-Sq(adj) = 25.39% 
 
 
 
Level                      N    Mean  StDev 
school A sheet 1          17   9.412  2.647 
school B sheet 1          27   8.852  2.365 
school C sheet 1          27   8.407  2.206 
school D sheet 1          22  12.227  1.901 
School E class 1 sheet 1  28  10.750  2.474 
School E class 2 sheet 1  27  11.222  1.739 
 
 
Worksheet 2 
 
Source   DF      SS     MS     F      P 
Factor    5  181.31  36.26  6.67  0.000 
Error   142  771.98   5.44 
Total   147  953.30 
 
S = 2.332   R-Sq = 19.02%   R-Sq(adj) = 16.17% 
 
Level                      N    Mean  StDev 
school A sheet 2          17   9.882  1.799 
school B sheet 2          27   8.852  2.568 
school C sheet 2          27  10.037  2.738 
school D sheet 2          22  12.591  1.368 
School E class 1 sheet 2  28   9.893  2.629 
School E class 2 sheet 2  27   9.926  2.218 
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6.4  Summary  
In this chapter the main study has been described and the worksheet scores 
analysed statistically, demonstrating that the pupils in the class in the 
Netherlands achieved scores that were higher and more consistent than the 
classes of  pupils in either the US or the UK.   It must be remembered that 
this is a case study and therefore these results cannot be generalised but they 
do suggest that there may be differences in the work of the pupils in the  
Dutch class compared to that of the pupils in the classes in the UK and the 
US, and that a qualitative analysis of the pupils’ work might reveal 
differences in their ways of working. This will be described and addressed 
in chapter 7 and chapter 8. The interviews that were carried out with the 
teachers in the different countries would also reveal differences in their 
teaching approaches, and these are discussed and compared in chapter 9. A 
description and comparison of the mathematics curricula in the different 
countries is also described in chapter 9.  
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CHAPTER 7: MISCONCEPTIONS OBSERVED 
7.0  Introduction 
In this chapter I will examine in detail the work of a selection of pupils in 
order to exemplify the themes that emerged from the analysis of their data, 
and to comment in detail on some of the pupils’ work and keystrokes that 
were observed and the misconceptions that were seen and categorised.   
7.1  Analysis of Misconceptions  
Having marked and allocated scores to the worksheets, I subsequently 
looked at each question that had been answered wrongly, and attempted to 
determine what the pupil had done wrong, whether this could be described 
as a misconception, and how this misconception could be categorised.  I had 
already built up a bank of different types of misconceptions that had been 
observed in the pilot study, and I added to this as I investigated the pupils’ 
work from the main study.   In order to do this it was necessary to examine 
the pupils’ written workings in worksheet 1.  In worksheet 2 some pupils 
gave written workings some of the time, but the main method for analysing 
the pupils’ work was the Key Recorder data for the UK schools.  For the 
schools in the Netherlands and New York I was able to analyse worksheet 2 
to some extent by comparing the values of the wrong answers with the 
values of wrong answers obtained by the pupils in the UK schools and thus 
making an inference about the pupil’s method of obtaining their answer.  
This approach appeared to work in many cases but in some cases it was 
simply not possible to work out what the pupil might have done to get a 
particular wrong answer, and so it was impossible to categorise.  
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The categories included those already observed in the pilot study with the 
pupils in the UK and Japan.  
7.1.1 Categorising the misconceptions 
The incorrect methods that were observed fell into four categories: 
 A misconception about the order of operations  
For example, simply working from left to right  
 A misinterpretation or misunderstanding of  notation 
For example, interpreting 3
2
  as 3 × 2  
 An arithmetic error  
For example, writing a correct multiplication but evaluating it 
incorrectly 
 A calculator error  (Worksheet 2 only)  
For example, not being able to work correctly with negative numbers 
or fractions on the calculator, or incorrect use of brackets on the 
calculator. 
 
A full list of all observed errors was gradually compiled as the analysis 
progressed. This will now be given with examples of pupils’ work or Key 
Recorder data to exemplify some of the ways in which each misconception 
was demonstrated in each worksheet. Some of these are consistent with 
those already observed in the pilot study, and some were only observed in 
the main study.  
 
 
161 
 
 
 
 
 
 
MISCONCEPTIONS ABOUT THE ORDER OF OPERATIONS 
M1  Works from left to right 
These are cases where the calculation is performed in order from left to right 
ignoring the usual mathematical conventions, for example   
2 + 3 × 4 + 5 = 25.   Figure 7.1 shows examples of this type of 
misconception which is demonstrated by one pupil and is evident from both 
his non-calculator work in worksheet 1, and also from his written workings 
and keystrokes in worksheet 2.  
 
 
School A Pupil 2 worksheet 1  questions 1, 2, 3 
 
 
School A Pupil 2 worksheet 2  questions 2, 3 
 
 
School A Pupil 2 Keystrokes for question 2 
 
 
School A Pupil 2 Keystrokes for question 3  
 
Figure 7.1 Examples of misconception M1 by Pupil 2 from School A  
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M2 Ignores bracket when with power 
In some cases the pupils seemed to “ignore” the brackets when there was a 
power outside the bracket. This resulted in calculating  
 (1 + 2)²   as  1 + 2²   or   (2 × 3)²  as  2 × 3²   .  Examples of this type of 
misconception, exemplified by written workings and keystrokes, are shown 
in figure 7.2. 
 
 School A Pupil 3 worksheet 1  question 8 
 
School A Pupil 4 worksheet 1  question 8 
 
 
 
 
School C Pupil 21 worksheet 2 and keystrokes question 8 
 
 
School D Pupil 7 worksheet 2  question 10 
 
Figure 7.2  Examples of misconception M2 by Pupil 3 and Pupil 4 from 
School A, Pupil 21 from School C and Pupil 7 from School D  
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M3 Performs addition before power 
If a calculation contained an addition and a power, some pupils performed 
the addition first.  In some cases this could also be regarded as a left-to-right 
interpretation, for example interpreting 2 + 3²  as 25 , but the examples in 
figure 7.3 reveal that this is not always the case as the same misconception 
can sometimes be seen in question 8 where the multiplication in the bracket 
is carried out first, but then the addition is performed before squaring, which 
does not involve left-to-right thinking. 
 
 
School C Pupil 8 worksheet 1 question 5 and question 8 
School C Pupil 7 worksheet 1 question 8 
 
School C Pupil 7 worksheet 2 question 8 
 
School C Pupil 7 worksheet 2  keystrokes for question 8 
Figure 7.3 Examples of misconception M3 by 
 Pupil 8 and Pupil 7 from School C 
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M4 Performs addition before multiplication  
In some cases the pupils demonstrated that they knew that an order was 
required, but put addition before multiplication. This might suggest that they 
had an awareness of a rule, but no familiarity with it. An example of this is 
shown in figure 7.4 in which the pupil consistently demonstrates this 
misconception in worksheet 1 and worksheet 2.  
 
 
 
School E class 1 Pupil 2 worksheet 1 question 1  
 
 
School E class 1 Pupil 2 worksheet 2 question 1 
 
Figure 7.4   Examples of misconception M4 by Pupil 2 from School E 
Class 1 
 
 
M5 Incorrect interpretation of power outside bracket 
 
Although the previous misconceptions had been observed with pupils in all 
the countries in the study, this misconception had been observed and 
classified only with some of the Japanese pupils in the pilot study.  It was 
difficult to determine whether the issue simply lay with an incorrect 
interpretation of squaring, but in the example given in figure 7.5 this pupil 
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had given a correct interpretation of squaring in three previous questions, so 
the error observed when trying to square the bracket in evaluating the 
denominator in question 10 appeared to arise because it was with a bracket, 
and so it was classified as M5.  This pupil also interpreted the fraction as an 
addition  (C3, described later) . 
 
 
 
Example 7.5  Example of misconception M5 
by Pupil 7 from School E class 1 worksheet 1 question 10 
 
M6 Performs multiplication before power 
 
When a calculation involved a multiplication and a power some pupils 
performed the multiplication first. This is exemplified in figure 7.6 with the 
work of two pupils from school C.  
 
 
 
 
 
 
M5 
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School C Pupil 1 worksheet 1 question 6 
 
 
  School C Pupil 15 worksheet 1 question 6 
 
Figure 7.6    Examples of misconception M6 
by Pupil 1 and Pupil 15 from School C 
 
 
M7 Performs division before power 
 
The workings shown in figure 7.7 show that although the pupil has correctly 
dealt with the power in the numerator of the fraction, the power on the 
denominator has not been evaluated until after the numerator has been 
divided by the bracket in the denominator. This could be seen as a left-to-
right interpretation over two lines.  
 
 
 
School A Pupil 11 worksheet 1 question 10 
 
Figure 7.7  Example of misconception M7 by Pupil 11 from School A 
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M8 Changes operation 
 
In some cases the pupil had given the correct operation in their written 
workings but had calculated using a different operation, as shown in the first 
two examples in figure 7.8.  In the first example from pupil 24 in school C, 
the denominator has been correctly written as 3 + 4 but then the pupil has 
multiplied to give a value of 12.  In the second example pupil 24 from 
school C has correctly written 4 × 5 but has evaluated this as 9.  In these 
cases it could be argued that this is not a misconception but a careless error 
as a result of the brain seeing two numbers and being “hard wired” to 
perform an operation, most frequently an addition as in the example from 
pupil 24 in figure 7.8.  
In other cases, however, the pupils’ written workings show that the 
operation has been exchanged before the calculation has been written down. 
This is exemplified in the third example in figure 7.8 where the pupil has 
exchanged the addition sign for a multiplication symbol.  This happened 
most frequently with the pupils from school E in the Netherlands, who used 
a dot for the multiplication symbol. 
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School C Pupil 24 worksheet 1 question 9 
 
 
 School C Pupil 28 worksheet 1 question 12 
 
 
 School D Pupil 5 worksheet 2 question 5 
 
Figure 7.8 Example of misconception M8 by Pupil 24 and Pupil 28 from 
School C and Pupil 5 from School D  
 
 
MISCONCEPTIONS WITH ALGEBRAIC AND NOTATIONAL 
CONVENTIONS 
 
C1  Misunderstands power notation   
 
Some pupils did not correctly interpret index notation, the most frequent 
interpretation being that they would multiply by 2 instead of squaring.  
Examples of this, exemplified by both written working and by calculator 
keystrokes, are given in figure 7.9. This differs from the misconception 
categorised as M5, in which the pupils seemed to be aware of what squaring 
meant, but seemed unable to carry it out correctly when a bracket was 
involved.  
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School B Pupil 10 worksheet 1 questions 5 and 6 
 
 
School B Pupil 25 worksheet 1 question 6 
 
 
School B Pupil 25 worksheet 2 question 5 and question 6 
 
 
 
 
School B Pupil 25  worksheet 2 keystrokes for question 5 and question 6  
 
 
Figure 7.9  Examples of misconception C1 by Pupil 10 and Pupil 25 
from School B 
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C2 Misunderstands algebraic convention for multiplication 
 
Some pupils did not recognise ab as a multiplication but interpreted  ab as a 
2-digit number. This misconception was also demonstrated when a variable 
appeared outside a bracket.  This can be seen in the work of pupil 10 from 
school B, shown in figure 7.10, who consistently displays this 
misconception even when there is a bracket involved, for example in 
question 13 where the bracket is evaluated first, then the result treated as the 
second digit of a 2-digit number. Some pupils only misunderstood the 
algebraic notation for multiplication when a bracket was involved. For 
example pupil 10 from school D successfully interpreted ab as a 
multiplication in questions 11 and 12, but did not recognise that when the 
number is outside a bracket it is also a multiplication, and interpreted this as 
an addition, as shown in question 13 in which he wrote 2(3 + 4)  and then 
interpreted this as 2 + 7 . The same pupil also wrote 2(3 + 5) as the 
numerator in question 14 of worksheet 1,  then evaluated this as 2 + 8 , as 
shown  in figure 7.10 
 
 
School B Pupil 10 worksheet 1 questions 11, 12 and 13 
 
171 
 
 
 
 
 
 
 
School D Pupil 10 worksheet 1 question 13 and question 14 
Figure 7.10  Examples of misconception C2 by Pupil 10 from School B 
and Pupil 10 from School D 
 
 
C3  Does not recognise a fraction as a division   
 
 
Some pupils did not recognise fraction notation as a division, or became 
confused when this appeared as part of a more complex algebraic 
expression. This is exemplified in figure 7.11 by the work of pupil 15 from 
school C and pupil 1 from school D. Although both pupils had correctly 
interpreted a single fraction as a division, both appeared confused when the 
fraction contained calculations on the numerator and denominator, and 
interpreted the fraction as an addition in these cases.  
 
 
School C Pupil 15 worksheet 1 question 10 
 
 
 
School D Pupil 1 worksheet 2 question 9  
 
 
 
Figure 7.11  Examples of misconception C3 by Pupil 15 from School C 
and Pupil 1 from School D 
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C4   Tries to add fractions and makes a mistake 
 
 
Some pupils tried to calculate question 3 by adding two fractions, and then 
carried this out incorrectly. This links with the misconception previously 
identified as C3, where fraction notation is not always associated with a 
division. This is exemplified by the work of pupil 19 in school E class 2, 
shown in figure 7.12.  This pupil tries to perform an addition with a 
common denominator of 4, but does not write the whole number 8 as a 
fraction with a denominator of 4. 
 
School E class 2 Pupil 19 worksheet 1 question 3  
 
Figure 7.12  Example of misconception C4 by Pupil 19 from  
School E class 2 
 
 
C5  Cannot square negative numbers 
 
Some pupils were not able to correctly square a negative number, even 
though the negative numbers in the questions had been put in brackets. 
Sometimes the pupils did not even attempt question 6, which contained 
2)3( . This can be seen in figure 7.13 by pupil 15 from school B, who put 
a cross in the answer box for question 6 on both worksheets, indicating that 
she could not attempt the question.  Many pupils gave a negative answer, 
and this was often consistent across the two worksheets, whether working 
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with or without a calculator, as exemplified by the written work and 
keystrokes of pupil 5 from school A, and the written work of pupil 23 from 
school E class 2. This is an example of how it was possible to infer the 
pupils’ keystrokes from the incorrect answer, even though there was no Key 
Recorder data available. 
 
 
 
School B Pupil 15 worksheet 1 question 6 
 
 
School B Pupil 15 worksheet 2 question 6 
 
 
School A Pupil 5 worksheet 1 question 6 
 
 
School A Pupil 5 worksheet 2 question 6 
 
 
School A Pupil 5 Keystrokes for worksheet 2 question 6   
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School E Class 2  Pupil 23 worksheet 1 question 6 
 
 
School E Class 2  Pupil 23 worksheet 2 question 6 
 
 
Figure 7.13  Examples of misconception C5 by Pupil 5  from School A  
and Pupil 23 from School E Class 2  
 
 
C6  Divides fractions the wrong way round   
 
In some cases, pupils recognised that a fraction represented a division, but 
carried out the division the wrong way round, dividing the denominator by 
the numerator. In many cases where this occurred, it occurred 
inconsistently, and occurred more frequently in worksheet 2, working with a 
calculator. This is exemplified by the work of pupil 22 from school B, 
shown in figure 7.14. His keystrokes reveal that he has first calculated the 
denominator of the fraction, and has then attempted to divide this by the 
expression in the numerator, although this has been done inefficiently by 
failing to put the numerator in brackets, or by evaluating it separately.  
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School B Pupil 22 worksheet 2 question 10 
 
 
School B Pupil 22 worksheet 2 keystrokes for question 10 
 
Figure 7.14  Example of misconception C6 by Pupil 22 from School B  
 
 
C7 Interprets ab  as a + b  
 
 
Some pupils misinterpreted the algebraic notation for multiplication and 
performed an addition. This was often observed as consistent, even when 
the multiplication was with a bracket. This is exemplified by the work of 
pupil 14 in school B shown in figure 7.15. In worksheet 1, question 11, this 
pupil has tried to evaluate a + bc + d by adding all four values together, and 
has done the same thing in question 12 for the expression ab + cd,  
obtaining the same answer in each case. In question 13 he has interpreted  
a(b +c)   to be  a + b + c . His keystrokes for the equivalent questions in 
worksheet 2, shown in figure 7.15, reveal that he has done exactly the same 
thing when working with the calculator. 
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School B Pupil 14 worksheet 1 questions 11, 12, 14 and 14 
 
 
School B Pupil 14 worksheet 2 questions 11, 12 , 13 and 14 
 
         
Question 11                                  Question 12 
 
 
Question 13  
 
 
Question 14 
 
School B Pupil 14 Keystrokes for worksheet 2 questions 11, 12, 13 and 14 
 
Figure 7.15  Example of misconception C7 by Pupil 14 from School B  
 
 
 
 
177 
 
 
 
 
 
 
C8 Reverses the numbers in an operation 
 
In some cases, the pupil appeared to reverse the numbers in an operation, for 
example interpreting 6 – 4  as 4 – 6 as demonstrated by pupil 28 from 
school B  shown in figure 7.16. 
 
 
 
School B Pupil 28 worksheet 1 question 7 
 
Figure 7.16  Example of misconception C8 by Pupil 28 from School B  
 
 
 
C9  Separates out fractions    
 
In the calculations that involved an operation in the numerator and 
denominator, some pupils did not appreciate that these operations needed to 
be done first, as if in brackets, and tried to deal with the calculation as two 
separate fractions. Figure 7.17  gives examples of the work and keystrokes 
of pupil 15 in school B, demonstrating this misconception being applied 
both with and without a calculator.  In worksheet 1 this pupil wrote down   
 
 
   
as a single fraction, but appears to have given up at this stage, possibly 
because he felt unable to evaluate this.  
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School B Pupil 15 worksheet 1 question 9 
 
 
School B Pupil 15 worksheet 2 question 9 
 
 
School B Pupil 15 worksheet 2 keystrokes for question 9  
 
 
School E Class 1 Pupil 28 worksheet 1 question 9 
 
 
  Figure 7.17  Examples of misconception C9 by Pupil 15 from School B 
and Pupil 28 from School E Class 1  
 
 
 
 
 
ARITHMETIC ERRORS 
 
A1   Error with multiplication tables or other single operation 
 
In some cases the pupils appeared to make an error with a multiplication or 
addition, as demonstrated in figure 7.18 where the first pupil appears to 
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have evaluated 2 + 4 to be 7, and the second pupil has written 3+ 4 in 
brackets but has evaluated this to be 6. 
 
 
School C Pupil 15 worksheet 1 question 4 
 
 
School E Class 2 Pupil 1 worksheet 1 question 13 
 
 
Figure 7.18 Examples of error A1 by Pupil 15 from School C and  
Pupil 1 from School E Class 2  
 
 
A2   Transcription error or careless error 
 
Sometimes pupils made transcription errors. Sometimes these were between 
stages in their working, and sometimes through misreading the question. 
These tended to occur in the last four questions where the pupils needed to 
substitute values into the algebraic expressions, and sometimes they 
substituted an incorrect value. This type of error is exemplified in figure 
7.19 in the work of pupil 5 from school B, who substitutes the values that 
have been given for c and d into the bracket instead of the correct values for 
b and c.  Similar errors could be described as careless errors, as 
demonstrated by pupil 15 from school B in her work on question 11 in 
worksheet 2 shown in figure 7.19. Her keystrokes reveal that she has made 
two errors in this calculation; she has made a transcription error in copying 
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the number 14.72 incorrectly from her calculator display as 14.76, and then 
she has left out the decimal point in the number 5.8 and has entered this on 
her calculator as the number 58.  Both errors have been categorised as A2.  
 
 
School B Pupil 5 worksheet 1 question 13 
 
 
School B Pupil 15 worksheet 2 question 11 
 
 
School B Pupil 15 worksheet 2 Keystrokes for question 11 
 
 
Figure 7.19 Examples of error A2 by Pupil 5 and Pupil 15 from 
 School B 
 
 
 
A3  Tries to multiply out brackets algebraically and makes a mistake  
 
In the pilot study this misconception had only been observed in the work of 
the Japanese pupils in school Y, and it was not observed very frequently in 
the main study but a small number of pupils attempted to multiply out 
brackets algebraically and then made a mistake. This is shown in figure 7.20 
in the work of pupil 14 from school E (class 2) in question 4. This pupil’s 
written work shows that he is trying to multiply the expression in the 
bracket by 3, but although he correctly multiplies the first number in the 
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bracket by 3 he fails to multiply the second number in the bracket by 3. In 
other words, thinking algebraically, he has interpreted a(b+c) as ab + c . 
 
 
 
School E Class 2 Pupil 14 worksheet 1 question 4 
 
Figure 7.20 Examples of misconception A3 by Pupil 14 from School E 
 
 
A4 Confusion about operations with negative numbers 
 
In some cases the pupil’s written working suggested a deeper confusion 
about working with negative numbers which appeared to be more than being 
unable to square a negative number. An example of this is shown in figure 
7.21 where the pupil has drawn a number line in an attempt to make sense 
of the calculation -9 × 2 in question 6, and incorrectly gives the answer as 9. 
 
 
School A Pupil 6 worksheet 1 questions 4, 5, 6 and 7 
 
 
Figure 7.21 Example of misconception A4 by Pupil 6 from School A 
182 
 
 
 
 
 
 
A5 Confusion when fraction notation involved 
 
 
In some cases pupils appeared to become confused when fraction notation 
was involved in the more complex calculations which included an operation 
in the numerator and the denominator.  This is exemplified by the work of 
pupil 23 in school B, shown in figure 7.22. This pupil had demonstrated in 
question 4 of worksheet 1 that he recognised that  
 
 
  means 8 ÷ 4, that is he 
recognises that a fraction represents a division, but when he gets to question 
9 he appears to be very unsure about dealing with a fraction which involves 
calculations within the numerator and the denominator.  He is unable to deal 
with the numerator and denominator separately, and instead of dividing he 
multiplies values from the numerator by values from the denominator.  It is 
interesting to notice that when he performs the equivalent calculation in 
worksheet 2, with a calculator, he does this efficiently and correctly, as 
demonstrated by his written workings and keystrokes in question 9 of 
worksheet 2 shown in figure 7.22 even though he uses effectively the same 
method of evaluating both the numerator and denominator and then 
dividing. 
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School B Pupil 23 worksheet 1 question 3 
 
 
School B Pupil 23 worksheet 1 question 9 
 
 
School B Pupil 23 worksheet 2 question 9 
 
 
School B Pupil 23 worksheet 2 keystrokes for question 9 
 
Figure 7.22 Example of work including misconception A5  
by Pupil 23 from School B 
 
 
CALCULATOR ERRORS 
 
 
Analysis of the pupils’ work on worksheet 2, and the accompanying 
keystrokes, revealed that a number of incorrect answers were the result of 
incorrect or inefficient use of the calculator.  In some cases this was due to 
incorrect syntax, in other cases it appeared to be due to the fact that the 
pupil could not determine an efficient sequence of keystrokes. This was 
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particularly evident in questions 9 and 10 which required the evaluation of 
the numerator and denominator of a fraction before performing the division.  
The calculator errors were categorised as follows: 
BC  Brackets not dealt with correctly on calculator  
 
Some pupils did not deal correctly with brackets on their calculator, despite 
the fact that the graphics calculator, like a scientific calculator, has brackets 
keys.  This difficulty is exemplified in figure 7.23  by the work and 
keystrokes of pupil 9 in school B. This pupil had correctly evaluated the 
calculation in question 4 of worksheet 1; when he attempted the 
corresponding question in worksheet 2 his keystrokes reveal that he knew he 
should evaluate the calculation in brackets first, but because he didn’t press 
“enter” after this step, or make use of the calculator brackets keys, his 
answer was incorrect.  
 
 
School B Pupil 9 worksheet 1 Question 4 
 
 
School B Pupil 9 worksheet 2 question 4 
 
 
School B Pupil 9 worksheet 2 keystrokes for question 4  
 
 
Figure 7.23 Examples of error BC by Pupil 9 from School B 
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NC  Problems with negative numbers on a calculator 
 
Some pupils were able to correctly square a negative number when working 
without a calculator, but when working with a calculator they did not put the 
negative number in brackets, despite the fact that the question included 
brackets, and so their answer to question 6 was negative. An example of this 
is shown in fig 7.24 in the work and keystrokes of pupil 23 from school B. 
Other pupils, such as pupil 4 from school C, shown in figure 7.24, used the 
“subtract” key instead of the “negative” key, which resulted in a syntax 
error, and so he was unable to evaluate an answer, leaving the answer box 
blank.  
 
 
School B Pupil 23 worksheet 2 question 6 
 
 
School B Pupil 23 worksheet 2 keystrokes for question 6 
 
 
School C Pupil 4 worksheet 2 question 6 
 
 
 
 
School C Pupil 4 worksheet 2  keystrokes for question 6 
Figure 7.24  Examples of error  NC by Pupil 23 from School B and 
Pupil 4 from School C 
 
186 
 
 
 
 
 
 
IC  Problems with indices on a calculator 
 
In some cases the pupil became confused when using the calculator to 
square numbers, despite being able to successfully square numbers without 
a calculator. In the example shown in figure 7.25 , from pupil 4 in school B, 
the keystrokes reveal that the pupil has used the reciprocal key                  
instead of the squaring key                . This could be because the reciprocal 
key is immediately above the squaring key on the keyboard of the graphics 
calculator.  
 
 
School B Pupil 4 worksheet 2  question 8 
 
 
School B Pupil 4 worksheet 2  keystrokes for question 8 
 
 
Figure 7.25 Example of error IC by Pupil 4 from School B 
 
 
FC  Cannot deal with fractions on a calculator 
 
In some cases the pupils were unable to use the calculator efficiently to 
perform the calculations which involved operations on the numerator and 
denominator of a fraction. The most frequent mistake was to key in the 
expression as it appeared, without putting the denominator in brackets. This 
would suggest that the pupil knew that the numerator had to be divided by 
the denominator, but did not appreciate the fact that the calculator would 
x
-1 
 x 
2 
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perform this using the correct order of operations as keyed in.  This is 
exemplified by the work and keystrokes of pupil 9 from school A, shown in 
fig 7.26  
 
 
School A Pupil 9 worksheet 2  question 9 
 
 
School A Pupil 9 worksheet 2  keystrokes for question 9 
 
Figure 7.26  Example of error FC by Pupil 9 from School A  
 
 
 
KC  Key error    
 
In some cases a careless error resulted from apparently pressing the wrong 
key by mistake. This was regarded as a “careless error” as opposed to a 
confusion about the meaning of two keys such as the               key and the 
OTHE   key.  This could usually be inferred by observing the pupil’s 
keystrokes alongside their written working, as demonstrated in figure 7.27  
 
This pupil has written down the correct calculation on the worksheet, with 
brackets indicating an understanding that the multiplication in the middle 
needs to be done first. This is reflected in the order of his keystrokes. He has 
probably pressed the addition key accidentally instead of the multiplication 
key.  
 
 x 
-1 
 x 
2 
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School C Pupil 24 worksheet 2 question 11 
 
 
School C Pupil 24 worksheet 2 keystrokes for question 11  
 
 
Figure 7.27  Examples of error KC by Pupil 24 from School C  
 
 
7.1.2   Summary of Categories of Misconceptions 
 
To summarise, the misconceptions that had been observed were categorised 
as follows:  
MISCONCEPTIONS ABOUT THE ORDER OF OPERATIONS 
M1     Works from left to right 
M2     Ignores bracket when with power 
M3     Performs addition before power 
M4    Performs addition before multiplication 
M5    Incorrect interpretation of power outside bracket 
M6    Performs multiplication before power 
M7    Performs division before power 
M8    Changes operation 
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MISCONCEPTIONS WITH ALGEBRAIC AND NOTATIONAL 
CONVENTIONS 
C1    Misunderstands power notation  
C2    Misunderstands algebraic convention for multiplication 
C3    Does not recognise a fraction as a division 
C4    Tries to add fractions but makes a mistake 
C5    Cannot square negative numbers 
C6    Divides fractions the wrong way round  
C7    Interprets ab as a+b 
C8    Reverses the numbers in an operation 
C9    Separates out fractions 
ARITHMETIC ERRORS 
A1    Error with multiplication tables or other single operation 
A2    Transcription error or careless error 
A3    Tries to multiply out brackets algebraically and makes a mistake 
A4    Confusion about operations with negative numbers 
A5    Confusion when fraction notation involved 
CALCULATOR ERRORS 
BC    Brackets not dealt with correctly on calculator 
NC    Problems with negative numbers on calculator 
IC    Problems with indices on calculator  
FC    Cannot deal with fractions on a calculator 
KC    Key error 
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These categories were recorded for each pupil’s work and the full set of data 
analysis is given for each class in Appendix I.   
 
7.2 Summary 
 
Having categorised the misconceptions and errors that had been observed, I 
wanted to discover how the types of misconception might vary according to 
the classes and schools, so I recorded the number of pupils in the class who 
had demonstrated each misconception on at least one occasion. Since the 
classes contained different numbers of pupils I also recorded this as a 
percentage of the number of pupils in the class. These data summaries are 
included in chapter 9.  
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CHAPTER 8: THE PUPIL INTERVIEWS 
8.0  Introduction 
Interviews were carried out with pupils from two of the UK schools. In the 
first section of this chapter the pupils are described and in the second section 
the interviews are described in terms of the main themes that emerged from 
these discussions.  The pupils’ responses to the questions they were asked 
about the work are compared and contrasted and triangulated with the 
themes that have emerged from the analysis of their written work and 
keystroke data. The third section of the chapter contains more detailed case 
studies of two of the pupils who were interviewed, and in the fourth section 
the emergent themes are summarised.  
 
8.1  The pupils  
 
The pupil interviews were all carried out with pupils from school B and 
school C in the UK.  The interviews took place within two weeks of the 
pupils completing the worksheets. They were recorded and subsequently 
transcribed; the implementation of the interviews has been described in 
detail in chapter 6 in section 6.2.1.3.  On the basis of my initial marking and 
analysis of the pupils’ work I had listed a number of pupils from each 
school who I thought would be interesting to talk to, due to their apparent 
strategies and wrong answers, so there was a purposive element to my 
sampling strategy, but from my list of possible interviewees the final sample 
of pupils was then essentially a convenience sample since it depended on 
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which pupils were available and consented to be interviewed. I also 
attempted to achieve a balance of male and female pupils.  The time 
constraints  limited the number of pupils I was able to interview; some 
interviews lasted longer than others, depending upon the way in which the 
conversation went, and how long it took for the pupils to answer the 
questions.  I was anxious not to rush the pupils, and wanted them to feel that 
they had enough time to think about their answers as well as giving them the 
opportunity to ask me any questions about their work if they wanted to.  
Each interview lasted for between 10 minutes and 20 minutes.  
The result was that five pupils were interviewed from each of school B and 
school C, and of the ten pupils five were male and five female. The pupils 
were:  
 
School B:   
Pupil 4 (female),  Pupil 7 (female),  Pupil 8 (female),  Pupil 11 (male),  
Pupil 18 (male) 
 
School C: 
Pupil 16 (male),   Pupil 23 (female)  Pupil 25 (female) Pupil 27 (male)  
Pupil 30 (male)  
 
When referring to these pupils in the selections which have been included 
from the interview transcripts, these pupils will be referred to using the 
letter of the school followed by the pupil number, so for example Pupil B4 
refers to pupil 4 from school B.  The researcher is referred to in the 
transcripts as CH. 
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8.2  Emergent Themes  
 
From the analysis of the interview transcripts a number of common themes 
emerged: 
 Rule-based ways of working 
 Not recognising a fraction as a division 
 Difficulties when working with negative numbers 
 Difficulties when working with a calculator 
 Algebraic notation helps to establish order  
 
These themes will now be described and considered with respect to the 
pupils’ responses in the interviews. 
 
8.2.1  Rule-based ways of working 
The interviews contained a great deal of evidence of rule-based ways of 
working; sometimes this resulted in pupils obtaining the correct answers 
through the correct application of the rules they had learned, but in other 
cases there was evidence that a rule had been mis-remembered, partially 
remembered or mis-applied.  
 
This rule-based approach is evident from the responses of a number of the 
pupils. For example, Pupil B11 was questioned about his answers to the first 
three questions on worksheet 1, shown in figure 8.1:  
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Figure 8.1 School B Pupil 11 worksheet 1 questions 1, 2 and 3 
 
Discussing question 1, this pupil appeared to know that there was a rule but 
that he was uncertain about it: 
 
Pupil B11:   I did the 2 plus the 3 which equals 5 then multiplied by 4 
which equalled 20 then just added 5 which makes 25 
CH: And that is how you got 25?  Can you see why that isn’t 
right? 
Pupil B11: Do you have to multiply the 3 and the 4 first then add the 2 
and the 5?  
CH: Yes, you are right. So what should you have got? 
Pupil B11:  19 
CH:  Good – that’s right. Do you remember doing some work on 
this? 
Pupil B11: Yes, now I remember you have to multiply first 
 
Once this pupil had been reminded about the order of operations, he was 
able to explain the correct methods for the next question: 
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CH: If you look at question 2 now, you might be able to work out why you 
got it wrong and what the correct answer should have been. 
Pupil B11:  Well I was supposed to divide 10 by 2 which is 5 and then 
add 4  
which is 9 
CH:  Yes that is right, so you know you should have done the 
division first? 
Pupil B11: Yes I remember now 
 
Pupil 25 in school C also worked from left to right in question 1 and 
obtained the answer 25.  When asked about this she said “I should have 
timesed first” and then:  
CH:  How did you remember that? 
Pupil C25: BIDMAS 
 
Similarly Pupil 27 in School C also worked from left to right in question 1 
and knew that there was a rule to remember, but seemed less clear: 
CH:  Can you think why that answer is not right? 
Pupil C27: Is it the BODMAS thing?  
 
He then continued to give the answer correctly as 19, explaining “I should 
have done the 3 times 4 then added the 2 and the 3” . 
 
The need to “remember” rules was emphasised by a number of other pupils, 
for example Pupil 4 in School B,  when asked about an incorrect answer, 
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replied  “I think I forgot to use BIDMAS” .  When questioned about this she 
demonstrated an understanding of what this meant: 
 
CH :   So if you had used BIDMAS what would you have done? 
Pupil B4:  Done the multiplication first 
 
A number of pupils placed an emphasis on the need to remember, and 
seemed to feel that getting the questions correct was largely dependent on 
remembering things. Pupil B18 said “I had to remember about BIDMAS 
and I started remembering things . 
This pupil clearly regarded “BIDMAS” as the mathematical rule that  
needed to be applied; when talking to her about the second question I asked 
“can you have a look and see what you think you should have done here?” 
She replied “BIDMAS”. 
 
This pupil also remembered a rule for multiplying negative numbers 
together, and when asked about question 6 she said “I should have got 9 
because negative times negative makes a positive” and she continued by 
explaining “I never really remember until I get it wrong” . Similarly, Pupil 
27 in school C obtained an answer of  -9 for (-3)² but when asked “what 
happens when you square a negative number?” he immediately replied “it 
turns into a positive number” .  The nature of this response strongly 
suggests that he sees this as a rule, which he has now remembered, but 
which he failed to apply in the calculation on the worksheet. 
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The use of “BIDMAS” or “BODMAS” as a “rule” resulted in varying 
degrees of success with the calculations. Those pupils who mentioned it 
were asked about what it meant; most pupils knew what the letters stand for, 
although many were unsure about the I and the O, and even if they 
remembered the words “Index” or “Order” they were not always clear about 
what these words meant.  The pupils’ replies often suggested an incomplete 
understanding of what BODMAS or BIDMAS actually referred to. For 
example, with Pupil 30 in School C: 
 
CH:  Do you remember what to do? 
Pupil C30: Partly 
CH:  Which part do you remember? 
Pupil C30: Is it brackets, indices, division, multiplication, addition and 
can’t remember 
 
Pupil 8 from School B was quick to mention BIDMAS but struggled to 
make any sense of the letter “I” even when told that it stood for “Index”: 
 
CH:  Can you tell me what you were thinking about when you were 
doing these? 
Pupil B8: I was thinking of BIDMAS 
CH:  What do you remember about that? 
Pupil B8: Brackets, individual, divided, multiply, addition and 
subtraction 
CH:   I am interested in the “I”  
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Pupil B8:  I think that was the wrong word.  
CH:  Can you think of another word that it might be? 
Pupil B8:  I don’t know what it is 
CH:  If I tell you that it stands for Index, does that help? 
Pupil B8: Ah, that was the one. 
CH:  Do you know what  “Index” means? 
Pupil B8: (pause)  does it mean look it through and put it in the correct 
order? 
CH: Can you look at the worksheet and see if you can find any 
number that you might describe as an index? 
Pupil B8:      (after some time)  is it 1? Right at the beginning of the 
number line?  
For this pupil the BIDMAS “rule” had enabled her to obtain the correct 
answer to many of the calculations but she clearly had no understanding of 
what the word Index is referring to.  Another pupil who referred to 
BIDMAS, and was asked about the meaning of the letters, said “I thought 
the I was for integer”. 
 
In some cases, despite remembering “BIDMAS”,  the pupils still went on to 
carry out the calculations in an incorrect order.  Pupil 18 in School B 
obtained incorrect answers to the first three questions on worksheet 1, 
performing the additions first in question 1 and working from left to right in 
questions 2 and 3. His work is shown in figure 8.2.  
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Figure 8.2 School B Pupil 18 worksheet 1 questions 1, 2 and 3 
When asked about these questions in the interview, this pupil immediately 
mentioned BIDMAS and, talking about question 1, explained “I think what 
I should have done is used BIDMAS and timesed 3 and 4 together first and 
then added on the 2 and the 5, which would probably have given me a 
different answer to what I got.  Yes, I was doing it the wrong way round”   
When asked about question 9, this pupil answered “I had to remember about 
BIDMAS and I started remembering things”. 
 
Only two of the pupils who were interviewed did not mention BIDMAS or 
BODMAS at some point.  One of these two,  Pupil 23 in school C, when 
asked whether she had ever heard of BIDMAS or BODMAS said that she 
had not.  When asked how she worked out the order in which to do the 
calculations, she replied “I think I did the hardest bit first”. This intuitive 
approach to using the hierarchy of the operations meant that she correctly 
calculated those questions which involved indices, but her “hardest first” 
approach did not enable her to establish an order for those calculations that 
only involved additions, multiplications and divisions. Her work is shown in 
figure 8.3 and it is interesting to see that when a division sign was used, in 
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question 2, she used a left to right approach, but when the division was 
given in the form of a fraction, as in questions 3 and 9, she used the correct 
order. She also correctly answered all four questions involving algebraic 
expressions, as seen in figure 8.3.  The other pupil who did not mention 
BIDMAS or BODMAS was Pupil 11 in school B, and he also said that he 
had never heard of it. When asked how he knew which order to use he said 
“I just know it”. 
 
 
Figure 8.3  School C Pupil 23 worksheet 1 questions 1, 2, 3, 8 and 9 
 
In summary, the majority of the pupils who were interviewed demonstrated 
a view that mathematics is about remembering rules; some pupils were able 
to apply the “rules” correctly, but there were many instances of pupils either 
forgetting a “rule”, remembering it incorrectly, or mis-applying it even if 
they appeared to have remembered it correctly. In the case of the mnemonic 
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BIDMAS or BODMAS the meaning of the letter I or O was not always 
understood.  
 
8.2.2 Not recognising a fraction as a division 
Another aspect of the work in which many of the pupils demonstrated an 
incorrect or incomplete understanding was the concept of a fraction as a 
division. Even if they did recognise that a fraction meant that a division was 
required, this was still not always carried out correctly; for example some 
pupils divided the denominator by the numerator. One pupil who talked 
about this was Pupil 8 in school C. In her work on question 3 of worksheet 1 
she interpreted  
 
 
 as 0.5 . When asked about this she explained “Yes I know 
what went wrong. I divided 4 by 8 but I forgot to divide the top number by 
the bottom number so it should have been 2”. 
  
Some pupils, on seeing a fraction, tried to apply the “rules” that they had 
learnt for dealing with fractions. For example,  Pupil 25 in School C was 
asked about her working in question 3, which is shown in figure 8.4.  She 
said “I don’t think I saw that as a division. I saw it as a fraction. I tried to 
add the whole number and the fraction”.  Other pupils seemed to 
demonstrate a similar mismatch between the concept of fractions and 
division; Pupil 25 in school C was describing his working for question 10 in 
worksheet 1 and explained “I had done that on the top and I had done the 
indices thing first which was 16 then added that to the top. Then I added 
that to the bottom and then I did the fraction”. 
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Pupil 16 in School C also dealt with question 3 as a fraction, leaving the 
answer as a mixed number without making the connection that  
 
 
  is equal 
to 2.  When asked about this he appeared to be unaware that  
 
 
 might be 
regarded as a calculation, but seemed to regard it as a single object: 
 
CH: Your answer to question 3 is correct but could you give your 
answer as a whole number?  (Pause, pupil does not answer)  
What would you need to calculate first? 
Pupil C16: 8 over 4?  
CH: Yes that’s right. What answer would that give you? 
Pupil C16: 2 ?  
 
Despite being so unsure about the connection between a fraction and a 
division in this context, this pupil correctly calculated the answer to 
question 3 on worksheet 2, as shown in figure 8.4,  and his keystrokes 
revealed that he was aware that he needed to calculate the division first.  
When asked about this question he said that “it does not look like a 
fraction” and he was clear that “a fraction has to have whole numbers”  
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School C Pupil 25 worksheet 1 question 3 
School C Pupil 16 worksheet 1 question 3 
School C Pupil 16 worksheet 2 question 3 
 
School C Pupil 16 worksheet 2 question 3 keystrokes 
 
 
Figure 8.4  School C Pupil 25 and Pupil 16 worksheet 1 question 3 
worksheet 2 question 3 and keystrokes 
 
 
8.2.3 Difficulties when working with negative numbers 
Another common theme that emerged from the pupil interviews was the fact 
that many of the pupils experienced difficulties when working with negative 
numbers. It seemed clear that the majority of the pupils relied upon 
remembering rules for working with negative numbers but frequently mis-
remembered or mis-applied their rules. Question 6 had been included to 
investigate the pupils’ ability to square negative numbers, and out of the ten 
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pupils who were interviewed, only one gave the correct answer to this on 
worksheet 1, although most of them were able to correctly remember the 
“rule” when prompted.  When working with a calculator on worksheet 2, six 
of the pupils obtained a correct answer for question 6. In the interviews, the 
pupils were asked “what happens when you square a negative number?” and 
the responses included  “it turns into a positive number”  (Pupil C27)  “It 
makes a plus” (Pupil C16)  “positive” (Pupil B4)   and “you square 
negative numbers as a positive number” (Pupil B18) . These responses all 
suggest that a rule has been learnt but not always remembered or correctly 
applied. 
 
The response of Pupil C30 was interesting; his initial reply was “when you 
do a negative number by a negative number it does the opposite” suggesting 
that he knew he needed to apply a rule, but when this was pursued and he 
was asked what sort of number he would get, he said “ a  minus number?”  
indicating that he was very unsure of what his rule actually meant.   
 
Pupil B7 appeared to have very little knowledge or understanding of 
negative numbers and although  her written workings included   2 × -3 = -6,  
her responses during the interview revealed that she was in fact very 
confused about negative numbers, and also about the fact that the negative 
number was inside brackets in question 6. Her written work for question 6 
on worksheet 1 is shown in figure 8.5:  
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Figure 8.5  School B Pupil 7 worksheet 1 question 6 
 
In her interview responses this pupil appeared to ignore the negative sign 
completely: 
CH:   Can you see what you should have done for question 6?  
Pupil B7: I should have done 3 times 3 which is 9 but I did 2 times 3 
instead 
CH:  You started off by doing 2 times -3.  What should you have 
done? 
Pupil B7: minus 3, but I didn’t get it, it was just one number in brackets 
CH: Sometimes we put minus numbers in brackets like that.  So 
what it is saying is minus 3 squared.  What should you have 
got? 
Pupil B7:  I should have timesed the 3 first which is 9 then timesed it by 
2  
which is 18. 
CH:  Did the brackets put you off? 
Pupil B7: Yes.  What is the minus? Does it have a name? 
CH: It is telling you where it is on the number line.  (Draws 
horizontal number line)  If the number is here to the left of 
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zero then we call it negative and put a negative, or minus 
sign, in front of the number. 
Pupil B7: But doesn’t that affect the multiplication?  
 
It was clear at this stage that this pupil would first need to establish a clear 
understanding of the nature of negative numbers before moving on to 
operations with negative numbers, despite the fact that her written work 
appeared to suggest that she was able to multiply a negative number by a 
positive number.  
 
The fact that six of the pupils obtained the correct answer to question 6 on 
worksheet 2 would suggest that they did have a basic understanding of 
negative numbers and that they were able to correctly identify the negative 
key on the calculator as opposed to using the subtract key.  They had also 
used the brackets keys correctly in order to enter the calculation as it 
appeared on the worksheet, and obtained the correct positive answer. Their 
lack of success in the non-calculator worksheet appeared to be down to the 
fact that they had not remembered or applied their “rule” for squaring 
negative numbers.  
 
8.2.4 Issues arising from working with a calculator 
Some of the pupils who were interviewed demonstrated a significant lack of 
confidence with using a calculator. For example, Pupil 18 from School B, in 
discussing an incorrect answer in worksheet 2, said “I think I just put my 
calculations in wrong” and followed this up by explaining “I didn’t know 
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whether to just type it into the calculator or to do it by writing it out but 
using the calculator as well” and then explained “I just don’t think I can 
work with calculators”. Similarly Pupil 4 in School B had problems using 
the calculator to square negative numbers.  Her keystrokes for question 6 on 
worksheet 2, shown in figure 8.6, revealed that she had used the subtract 
key instead of the negative key, resulting in a syntax error message.  
Although her keystrokes reveal that she had numerous attempts at this 
question, she was unable to determine what she should key in, and 
eventually left the question blank, as shown in figure 8.6.  
 
 
 
Figure 8.6 School B Pupil 4 work and keystrokes for question 6 
worksheet 2  
 
 
8.2.5 Algebraic notation helps to establish order  
Another theme that emerged from the pupil interviews was that although the 
pupils did not all understand algebraic notation, those who were confident 
with algebraic notation seemed to perform better on the algebraic questions 
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than the arithmetic questions, and seemed to find algebra “easier” than 
arithmetic, with the algebraic notation helping to establish order. This is 
exemplified by Pupil 23 from School C, whose work is shown in figure 8.7. 
She used the incorrect order in questions 1 and 2 on worksheet 1, 
performing the additions first on question 1 and working from left to right in 
question 2, although in question 3 where fraction notation was used she used 
the correct order.  Her answers to questions 11-14, also shown in figure 8.7, 
were all correct. This would suggest that the use of algebraic notation 
enabled her to deduce the correct order, even though she had not been able 
to do this with the purely arithmetic examples. When interviewed she said 
that she preferred the algebra because “I prefer harder questions”; although 
she perceived the algebra as harder, this did in fact enable her to perform the 
calculations correctly, although her work contained a substantial amount of 
incorrect notation.  
 
 
Figure 8.7  School C Pupil 23 worksheet 1  
questions 1, 2, 3, 11, 12, 13 and 14  
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8.3  Case Studies  
The themes explored in this chapter will now be exemplified in two case 
studies of pupils in school B:  Pupil 11 (male) and pupil 8 Female)  
 
8.3.1 Pupil 11 School B 
This pupil provides an interesting example of how an understanding of 
algebraic structure seems to be much more effective than trying to learn 
arithmetic rules. 
8.3.1.1 Analysis of worksheets and keystrokes 
He scored 10 out of 14 in worksheet 1 and 12 out of 14 in worksheet 2.  
Analysis of his work, summarised in table 8.1, revealed that both incorrect 
answers in worksheet 2 were the result of careless mistakes. In the table a 1 
denotes a correct answer, and the incorrect answers are coded according to 
the categories described in section  7.1.2.  
 
Question 1 2 3 4 5 6 7 8 9 10 11 12 13 14 Total 
Worksheet 1 M1 M1 M1 1 1 C5 1 1 1 1 1 1 1 1 10 
Worksheet 2 1 1 1 1 1 1 1 1 1 A2 1 1 1 M8 12 
Table 8.1 School B Pupil 11   Question analysis 
 
In worksheet 1 he got the first three questions incorrect, clearly 
demonstrating a Left to Right misconception as can be seen in table 8.1. 
This work also shows misuse of the equals sign.  
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Figure 8.8  School B Pupil 11  worksheet 1  questions 1, 2, 3 which show 
working from left to right 
 
He then completed the remainder of the questions correctly, getting all four 
of the algebraic questions correct as shown in figure 8.9: 
 
 
Figure 8.9  School B Pupil 11  worksheet 1  questions 11, 12, 13, 14 
which show correct working 
 
 
It is interesting to notice that this pupil uses a very confusing notation. He 
omits the multiplication signs and does not use any alternative notation such 
as a dot to indicate multiplication in questions 11 and 12, but his working 
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indicates that he clearly understands that he needs to multiply the numbers 
together. 
The analysis of this pupil’s keystrokes in worksheet 2 also indicates how his 
algebraic understanding provides the sense of structure. Figure 8.10 shows 
the pupil’s work for question 10 on the worksheet. This working only shows 
one intermediate step, which is the value of the denominator, but the 
keystrokes shown in figure 8.11 reveal the work that he carried out on his 
calculator: 
 
 
Figure 8.10  School B Pupil 11   worksheet 2  question 10 
 
First the pupil squares the 4.8, but 
does not use the square command 
on the calculator. The 2.4 is then 
added to find the value of the 
numerator. 
 
The value of the bracket in the 
denominator is then calculated and 
squared. This value (20.25) is then 
written on the worksheet (see 
Figure 7.3). 
 
The denominator is then 
recalculated, but with 8.2 (from 
question 9) used instead of 2.4.  
Finally the division is carried out, 
but using the wrong value for the 
numerator. 
Figure 8.11  School B Pupil 11  worksheet 2  question 10  keystrokes 
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These keystrokes demonstrate a clear sense of the structure of the 
expression; the pupil clearly understands the fraction as a division and 
evaluates the numerator and the denominator separately before dividing. 
Within the numerator he performs the squaring operation first and then adds 
2.4. However, when he has correctly evaluated the denominator he again 
tries to evaluate the numerator, this time making a transcription error and 
adding 8.2 instead of 2.4. He then divides this incorrect value for the 
numerator by his correct value for the denominator, obtaining his final 
answer.  
 
His understanding of the correct structure is demonstrated again in the next 
group of questions which can be seen in figure 8.12: 
 
 
Figure 8.12  School B Pupil 11 worksheet 2  questions 11, 12, 13, 14 
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Figure 8.13  School B Pupil 11  worksheet 2  question 11  keystrokes 
 
Figure 8.13 shows how, for question 11, he performs the multiplication first 
and then uses this answer in the addition to get the final correct answer 
 
Figure 8.14  School B Pupil 11  worksheet 2  question 12  keystrokes 
 
Figure 8.14 shows that, for question 12, he calculates the two 
multiplications first then adds the answers together. This demonstrates his 
sound understanding of the need to perform the multiplications before the 
addition.  
 
 
Figure 8.15  School B Pupil 11 worksheet 2  question 13  keystrokes 
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In figure 8.15 we see that the pupil clearly understands the role of the 
brackets in question 13 by evaluating the expression in the brackets first 
then utilising the “Ans” key to multiply this by the number outside the 
bracket.  
 
 
First the student calculates the 
value of the bracket on the 
numerator and then multiplies 
this by the value of a. The 
value for the numerator is 
then noted on the worksheet 
(see Figure 8.12). 
 
The squared term in the 
denominator is then calculated 
and the value of c is added to 
obtain the correct value of the 
denominator. Again this 
number is recorded on the 
worksheet. 
 
Finally he adds the numerator 
and denominator instead of 
dividing 
 
Figure 8.16  School B Pupil 11  worksheet 2  question 14  Keystrokes 
 
The keystrokes for question 14 shown in figure 8.16 are an interesting 
illustration of this pupil’s clear understanding of structure, but also reveal a 
final mistake in which he adds the numerator and denominator instead of 
dividing.  He has already demonstrated a clear understanding of a fraction as 
a division in question 10, so it is likely that this change of sign is a careless 
error rather than a misconception.  
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8.3.1.2  Interview with Pupil 11 from School B 
Pupil B11 was later interviewed and asked about his responses to questions 
1, 2 and 3 on worksheet 1, which he had got wrong because he had been 
working from left to right. He explained how he got the answer, and then 
asked  “ do you have to multiply the 3 and the 4 first and then add the 2 and 
the 5 ? “  
CH:           Yes that’s right. So what should the answer be? 
Pupil B11:   19 
CH:                Yes that’s right. Can you remember doing some work on this?  
Pupil B11:   Yes 
CH:           How could you remember that?  Is there a way that you 
could know what to do first? 
Pupil B11:      No, not really.  
CH:           What about question 2. Do you think you know why you got 
that one wrong? 
Pupil B11:   Well I was supposed to divide 10 by 2 which is 5 and then 
add 4 which is 9  
CH: Yes that’s right, you should have done the division first. So 
can you look at question 3 and tell me what you should have 
done? 
Pupil B11:   I should have divided 8 by 4 then added it onto 8 which 
makes 10 
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CH:          Good – so you have got the correct answer now.  You got 
most of the other questions correct. What were you thinking 
when you did question 4?  
Pupil B11:   Because it was in brackets I remembered that you always 
work out the brackets first.  
CH:           How do you remember that? 
Pupil B11:  I just know it. 
 
This pupil was very quickly able to work out what the correct answers 
should have been once he had been reminded about the convention for 
calculating multiplications and divisions first, although he was not very 
clear about how he could remember to do this.  
He was then asked about the questions that involved algebra: 
 
CH:         The rest of the questions were all correct. Were you happy 
about doing the questions with algebra? 
Pupil B11:  Yes 
CH:          Were you using the same rules as before? 
Pupil B11:  Yes. When you see ab together like that it means multiplied 
CH:          So when you saw this question you knew you had to do the 
multiplying first? 
Pupil B11:  Yes.  
CH:          Do think the algebra questions were easier or harder? 
Pupil B11:  Easier, because you know what to do.  
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CH:          Do you think that if I gave you this worksheet again you 
would get all the questions right? 
Pupil B11:  Yes 
CH:          Is this something you need to revise? 
Pupil B11:  No I don’t think so. It’s just common sense. Just think a bit 
harder. 
 
8.3.1.3  Summary comments for Pupil 11 from School B 
This pupil’s work, keystrokes and his responses in the interview, show that 
although he demonstrates a left-to-right misconception in the numerical 
calculations, he uses the correct order when the calculations are given as 
algebraic expressions. He is also able to use the calculator functions 
efficiently to apply the correct order.  
 
His response to the question about whether the algebra questions were easier 
or harder was very revealing. He said that the algebra questions were 
“easier, because you know what to do” . This suggests that the algebraic 
notation has made it easier, indeed entirely logical, for him to see the order 
in which to perform the calculations.  He no longer needed to rely upon 
memory, because the order was clear to him. He has also shown that 
although he originally forgot the correct order he was easily able to obtain 
the correct answers once he had been reminded about the convention, and 
simply needed a way of remembering what he described as “common 
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sense”.  He did not rely upon a mnemonic, but he had not reached a point at 
which the “common sense” pervaded.  
 
8.3.2 Pupil 8 School B 
 
8.3.2.1 Analysis of worksheets and keystrokes 
Pupil 8 scored 7 out of 14 on worksheet 1 and 10 out of 14 on worksheet 2.  
The analysis of her answers is given in table 8.2:  
 
Question 1 2 3 4 5 6 7 8 9 10 11 12 13 14 Total 
Worksheet 
1 
1 1 C6 1 1 C5 1 1 M3 M3 C7 C7 1 X 7 
Worksheet 
2 
C7 1 1 1 1 1 1 1 1 1 C7 C7 1 C7 10 
Table 8.2  School B Pupil 8    Question analysis 
 
 
This pupil seemed to demonstrate in her work in questions 1 and 2 on 
worksheet 1 (figure 8.17) that she knew the convention of multiplication 
and division before addition and subtraction. However in question 3 she 
performed the division incorrectly by dividing the denominator by the 
numerator. She discussed this in the interview and said “yes I know what 
went wrong. I divided 4 by 8 but I forgot to divide the top number by the 
bottom number  so it should have been 2”  This would suggest that she had 
an appreciation of a fraction as a division but an incomplete consolidation of 
this concept.  
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Figure 8.17  School B Pupil 8  worksheet 1  questions 1, 2, 3 
 
Her workings for questions 9 and 10, shown in figure 8.18, demonstrate that 
she is not able to apply the convention of evaluating indices first. In both 
questions she consistently adds before squaring, in the denominator in 
question 9 and the numerator in question 10.  When interviewed she 
revealed that although she could remember that BIDMAS was applicable 
here, she was unaware of the meaning of the “I” in BIDMAS and was 
unaware of the convention for evaluating powers first.  
 
 
 
 
Figure 8.18  Pupil 8  School B Worksheet 1  Questions 9, 10 
 
When faced with the algebraic calculations this pupil interpreted ab as an 
addition, as demonstrated in questions 11 and 12 (figure 8.19) although 
when brackets were involved in question 13 she evaluated this correctly. 
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Unlike Pupil 11, the algebra did not make it easier for her to complete the 
calculations in the correct order, because her understanding of algebraic 
notation was incomplete. 
 
 
Figure 8.19  School B Pupil 8 Worksheet 1  Questions 11, 12, 13, 14 
 
When working with a calculator on worksheet 2 this pupil’s keystrokes 
(figure 8.21) reveal an interesting error in question 1.  The pupil keys in the 
calculation correctly as it appears and obtains the correct answer of 23.9 on 
her calculator.  However in the worksheet she writes the working   
 2.7 + 7.9 + 5.9  as can be seen in figure 8.20 giving an answer of 16.5. She 
has clearly evaluated this mentally as this does not appear on her keystroke 
recording.  She has internally changed the multiplication sign to an addition 
sign and this conviction is so strong that she ignores the answer given on her 
calculator.  
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Figure 8.20    School B Pupil 8 worksheet 2  questions 1, 2, 3, 4, 5 
  
 
Figure 8.21    School B Pupil 8 worksheet 2  question 1 keystrokes 
 
 
In question 2 this pupil seems to know that she must do the division first, 
evaluating this and then adding 4.45. Her calculator work can be seen in 
Figure 8.22: 
 
Figure 8.22    School B Pupil 8 worksheet 2  question 2 keystrokes 
 
 
She takes the same approach for question 3, evaluating the division first and 
then adding, which can be seen in figure 8.23: 
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Figure 8.23    School B  Pupil 8 worksheet 2  question 3 keystrokes 
 
In question 4 she does not use the brackets on the calculator but evaluates 
the addition within the brackets before multiplying by 3.1 as shown in figure 
8.24. This suggests that she is aware of the need to evaluate the calculation 
in the brackets first, but unable or unaware of how to use them on the 
calculator. 
 
Figure 8.24    School B Pupil 8 worksheet 2  question 4 keystrokes 
 
Also in question 5 she correctly uses the “square” key to square 3.2 before 
adding 2.6, demonstrating that she knows she must square first before 
adding, as shown in figure 8.25: 
 
Figure 8.25    School B Pupil 8 worksheet 2  question 5 keystrokes 
 
It is interesting to see that this pupil goes on to get both questions 9 and 10 
correct in worksheet 2, as shown in figure 8.26,  even though she 
consistently displayed a misconception in worksheet 1 by adding before 
squaring.  However her keystrokes for question 9, shown in figure 8.27, 
indicate that she is not entirely sure, as she evaluated the denominator in 
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two different ways before finishing the calculation.  The fact that she has 
been able to experiment on the calculator has enabled her to convince 
herself that her final answer is correct. 
 
 
Figure 8.26    School B Pupil 8 worksheet 2  questions 9, 10 
 
 
First the pupil calculates the 
numerator and writes this value on 
her worksheet (see Figure 7.19). 
 
She then calculates the 
denominator in two different 
ways, presumably as a check. One 
typing in the calculation as given 
and secondly reordering it. She 
writes the value of the numerator 
on her worksheet (see Figure 
7.19). 
 
Finally she carries out the division 
to obtain the correct answer. 
Figure 8.27 School B Pupil 8 worksheet 2 question 9 keystrokes 
 
By the time she gets to question 10 she seems happy that the calculator is 
producing the correct values for the numerator and denominator and she 
produces the answer in an efficient manner, as shown in Figure 8.28. 
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Figure 8.28  Pupil 8  School B worksheet 2  question 10 keystrokes 
 
Figure 8.29 shows her answers to questions 11, 12, 13 and 14. In the first 
two of these questions she demonstrates the same misconception that she 
did previously and interprets ab as a + b.   When faced with brackets in 
question 13 she gets this correct, although she gets question 14 wrong.  Her 
keystrokes, shown in Figure 8.30, reveal that this is only because she thinks 
that the numerator is the same as the expression in question 13, so she uses 
this value in the division of numerator by denominator. 
 
 
 
 
Figure 8.29  Pupil 8  School B worksheet 2  questions 11, 12, 13, 14 
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Figure 8.30  Pupil 8  School B worksheet 2  question 14 keystrokes 
 
 
8.3.2.2 Interview with Pupil 8 from School B 
This pupil got the first two questions correct on worksheet 1, and, looking at 
the worksheet, I asked her about this.  
 
CH:  Can you tell me what you were thinking about when you were 
doing those questions?   
Pupil B8:  I was thinking of BIDMAS 
CH:   OK.  What do you remember? 
Pupil B8:   Brackets, individual, divided, multiply, addition and 
subtraction 
CH:   That’s nearly right – but what about the I?   
Pupil B8:   I don’t know what it is 
CH:   Would it help if I tell you that it stands for Index?  
Pupil B8:  That was the one 
CH:   Can you tell me what Index means? 
Pupil B8:  Look it through and put it in the correct order 
CH:  Could you look at the worksheet and find any number that 
you might describe as an index number? 
She has obtained this value 
from her answer to question 13 
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Pupil B8:  1, right at the beginning of the number line.  
CH:  OK – could you tell me what we mean by “power” in maths? 
Do you know what that means? 
Pupil B8:   No 
 
It was clear from the interview that this pupil did not know what the words 
“index” or “power” meant, although she did know what squaring meant and 
she correctly evaluated all the “squared” terms both with and without a 
calculator, even when the value was negative.  
  
I then asked her to look at question 11. 
 
CH:   Can you figure out why that answer is wrong? 
Pupil B8:  I forgot that when you put them together you times the 3 and 
the 4 together.  
CH:   Can you tell me what the answer should have been? 
Pupil B8:        (after some time thinking)  19  
CH:                  Well done – that is correct. And what about question 12? Do   
yyyyyyyyyyyy y you think you could do that now? 
Pupil B8:        (thinks)   26  
 
CH:                 Good. That’s right. You can do them now.  Do you think that 
yyyyyyyyyyyyy if I gave you this worksheet again you would get them right? 
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Pupil B8:        I think so. If I can remember. It’s all about trying to 
yyyyyyyyyyyy  remember.  
 
8.3.2.3 Summary comments for Pupil 8 from School B  
This pupil’s work and keystrokes demonstrated that she had a partial 
understanding of the application of the order of operations. She was able to 
use brackets correctly but was unable to perform calculations in the correct 
order when powers were involved. She also had an incomplete 
understanding of algebraic notation which led to incorrect calculations when 
algebra was involved. However her answers to the interview questions 
revealed that she was able to do the calculations once she had been 
reminded of the rules and the algebraic conventions, but she was not 
confident in her ability to remember them. She saw this as something that 
needed to be remembered rather than understanding it as logical.  
 
8.4 Summary  
To summarise, there is evidence that has been discussed in this chapter of 
five main themes that emerged from the interviews with the 10 pupils from 
the UK schools: 
 
8.4.1 Rule-based ways of working 
The pupils referred to mnemonics, BODMAS or BIDMAS, and placed an 
emphasis on the need to “remember” things in mathematics. They were 
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often able to answer the questions correctly during the interviews once they 
had been reminded of the “rules”.  
 
8.4.2 Not recognising a fraction as a division 
There was considerable evidence that the pupils had an incorrect or 
incomplete understanding of the concept of a fraction as a division; this 
theme had been observed in the work of many of the pupils in the study and 
was reinforced by some of the pupils who were interviewed.  Even if they 
knew that a division was required there was sometimes confusion about 
which number to divide by which. 
 
8.4.3 Difficulties when working with negative numbers 
There was considerable evidence of the pupils struggling to work with 
negative numbers, with attempts to remember rules but an incomplete or 
mis-remembered application of the rules, such as “two positives makes a 
negative” .  Squaring a negative number was not always seen as a case of 
multiplying two negative numbers together, but when pupils were guided to 
consider this in the interview they were frequently then able to calculate the 
correct answer to (-3)² . 
 
8.4.4 Difficulties when working with a calculator 
Although the pupils had been encouraged to use calculators in their 
mathematics lessons there was evidence that some were not confident or 
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competent with using the calculator beyond the basic operations; 
calculations involving negative numbers, brackets and powers often 
revealed problems with the syntax and with the order. The pupils’ 
comments suggested that this did not seem limited specifically to the 
graphics calculators used in the research, but suggested a more general lack 
of confidence with using a calculator. 
 
8.4.5 Algebraic notation helps to establish order 
Although many pupils in the UK schools had demonstrated a lack of 
understanding of algebraic notation, the interview data revealed that those 
who were confident with algebraic notation found the algebraic questions 
easier than the arithmetic questions, and that substituting numbers into an 
algebraic expression helped them to “see” logically the order in which to 
evaluate the calculation. This strongly suggests that an understanding of 
algebraic notation is a far more powerful way to underpin the understanding 
and appreciation of order than the remembering of rules.  
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CHAPTER 9: INTERNATIONAL COMPARISONS 
9.0  Introduction 
The first section of this this chapter describes the mathematics curriculum in 
each country included in the study, looking at the development of the 
curriculum and the philosophies underpinning it. Consideration is given to 
the effect that the curriculum documentation and guidance has on the 
resources used in schools and on the ways in which classroom teaching is 
influenced by this. The curricula are then compared and contrasted. In the 
second section the work of the pupils in each class is summarised, with an 
analysis of the misconceptions that were observed. This is related to the 
written work of the pupils and their keystrokes, where available, in order to 
describe any patterns observed in their ways of working. These findings are 
then compared and discussed.  The discussion also refers to the findings of 
the interviews that were conducted with pupils in the UK schools and which 
were described fully in chapter 8. It must be remembered that this is a case 
study and therefore the comparisons are between the classes that were 
sampled and cannot be generalised.   In the third section of this chapter, the 
interviews with the teachers from each country are described and discussed 
in order to understand the teaching methods and resources that they use, and 
to determine the extent to which these are influenced by the curriculum 
guidance and the philosophy behind it, in the countries  in which they teach.  
The findings from the teacher interviews are then compared. 
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9.1   The mathematics curricula and teaching approaches in the other 
countries involved in the study   
 
9.1.1 Japan  
 
9.1.1.1 The school system in Japan 
The following information has been taken from  the “Mathematics Program 
in Japan”  (Japan Society of Mathematical Education, 2000)  
Primary education in Japan starts at the age of six and continues until the 
age of eleven. Lower secondary education is from the age of twelve through 
to fifteen and both primary and lower secondary education are compulsory.  
All public compulsory education is co-educational.  
There are various types of school for each educational level:  
Pre-primary:    Kindergarten  (Youchien)    Ages 3 – 5 years 
Primary: Elementary school (Sho-gakko) Ages 6 – 11 years     
Secondary:      Lower Secondary School     Ages 12 – 15 years    
                        (Chu-gakko) 
  Secondary education school  Ages 12 – 17+ years 
  (Chuto-kyouiku-gakko) 
  Upper secondary school  Ages 15 – 17 years 
     (Koto-gakko) 
  College of Technology  Ages 15 – 19 years 
  (Koto-senmon-gakko) 
  Specialised Training College  Ages 15+ years  
  (Senshu-gakko) 
 
Tertiary:  Junior College    Ages 18 – 19 or 20 
years 
  (Tanki-daigaku) 
  University    Ages 18 – 21+ years 
  (Daigaku) 
Special Education:  Special Education School     Ages 3 – 17+ years 
          (Tokushu-kyouiku-gakko) 
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Pupils are grouped in mixed-ability classes for all lessons, including 
mathematics. 
National standards for education in kindergartens, elementary schools, 
lower secondary schools, upper secondary schools and special education 
schools are prescribed in the Courses of Study and within these are set out 
the objectives and content for each subject.  These are set by the Ministry of 
Education, Science, Sports and Culture, in which the Central Council is 
advised by the Curriculum Council. Along with the Courses of Study, the 
Ministry also produces instructional materials in which teaching methods 
are explained.  Although commercial publishers can produce textbooks 
freely, the textbooks must be authorised by the Ministry.  
 
9.1.1.2 Main Features of Japanese Mathematics Curricula 
The national standards for Mathematics for elementary school (Sansuu in 
Japanese: often translated as Arithmetic in English), Mathematics for lower 
secondary schools (Suugaku) and Mathematics for upper secondary schools 
(Suugaku) are prescribed in the Courses of Study. (Japan Society of 
Mathematical Education, 2000) 
 
“Zest for living” is emphasised in all subjects, and “spontaneous problem 
solving” is emphasised in mathematics.  In all levels of mathematics, 
“mathematical activities” are introduced, and “enjoyment of mathematics” 
is described in elementary and lower secondary levels, and “fostering 
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creativity” is described in upper secondary levels. (Japan Society of 
Mathematical Education, 2000) 
 
 
The time allocation and number of credits for each subject are prescribed in 
the Regulations for Enforcement of School Education Law and the Courses 
of Study.  (Japan Society of Mathematical Education, 2000) 
For elementary schools and lower secondary schools, mathematics is a 
required subject in each grade. The standard number of school weeks per 
year, the standard total number of classes per year, the standard number of 
class periods per year and week for mathematics and the standard time of a 
class period are all prescribed. In lower secondary schools mathematics can 
be taken as one of several optional subjects at each grade, in addition to 
mathematics as a compulsory subject.  
 
For each level of schooling there is an overall objective, with three specific 
objectives for each grade. The content is then defined for each grade, 
grouped into four categories. For example, for elementary school the overall 
objectives are defined as: 
 
‘Through mathematical activities concerning numbers, quantities 
and geometrical figures, children should get basic knowledge and 
skills, should get abilities to think logically and to think with good 
perspectives, should notice the pleasure of doing activities and the 
value of mathematical methods, and should get attitudes to make use 
of mathematics in daily life situations’. 
(Japan Society of Mathematical Education, 2000, p.7) 
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The objectives for grade 1 (6 – 7 years) are then given: 
(1) ‘Through activities using concrete materials and so on, children 
should get a good sense of numbers. Children should understand the 
meaning of numbers and how to represent them, should understand 
the meaning of addition and subtraction, and should make use of 
them’. 
 
 
(2) ‘Through activities using concrete materials and so on, children 
should enrich their basic experiences to understand the meaning of 
quantities and measurements and should have good sense of 
quantitie’. 
 
(3) ‘Through activities using concrete materials and so on, children 
should enrich their basic experiences to understand the meaning of 
geometrical figures and should have a good sense of geometry’ 
 
(Japan Society of Mathematical Education, 2000, p.7) 
 
The content for each grade is then given within the following categories: 
A. Numbers and Calculations 
B. Quantities and Measurements 
C. Geometrical Figures 
At grade 3, a fourth category is introduced,  
D. Mathematical Relations 
In each case there are between two and five objectives in each category.  An 
interesting example of an objective within section A for grade 1 (6 – 7 
years) is. 
A (2) (a) ‘To know the situations where addition and subtraction is 
used, and to express them in algebraic expressions, and to read 
these expressions’ 
(Japan Society of Mathematical Education, 2000, p.8) 
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So the use of algebra is introduced as early as grade 1, within the content for 
“Numbers and Calculations”  This continues throughout elementary school, 
as more operations are introduced, so that for example in grade 2 (7 – 8 
years) the pupils are expected to 
 
A (3) (a) To know the situations where multiplication is used, to 
represent them by algebraic expressions, and to read them.  
 
   (Japan Society of Mathematical Education, 2000, p.9) 
And by grade 4 (9 – 10 years) the expectation is that 
D (2) ‘Children should express quantitative relations clearly in a 
formula, and should be able to read them,  
(a) To understand expressions that mix together brackets and the 
four fundamental rules of  arithmetic, and calculating them 
correctly’ 
 
(b) ‘To understand formulas and to use them’ 
 
             (Japan Society of Mathematical Education, 2000, p.14) 
 
Within the Japanese curriculum there is an intense coverage of both algebra 
and geometry from elementary school onwards, and throughout the entire 
curriculum, in secondary as well as elementary school, there is an emphasis 
on the use of concrete materials, ‘hands-on learning’ , and the opportunity 
to apply mathematics to real-life situations. There is also frequent reference 
to the promotion of enjoyment of mathematical activities, and the 
cultivation of positive and insightful views of mathematics as a human 
activity. 
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9.1.1.3 The role of text books 
Text books are an integral part of the Japanese mathematics curriculum. The 
School Education Law in Japan states that the use of textbooks is 
compulsory (Ministry of Education, Culture, Sports, Science and 
Technology [MEXT], 2010) and the textbooks must be centrally approved.  
There are six major mathematics textbooks available in Japan, and they are 
all very similar, written as a series with one book per grade. They are 
written based on lesson study findings; textbook company executives attend 
lesson study open houses and consult many published research findings in 
order to establish what to incorporate in their books. The most commonly 
used series of textbooks is “Mathematics” (pub. Tokyo Shoseki) which 
covers all grades in elementary and secondary school.   They are thin, 
lightweight books with colourful cartoon illustrations, but the illustrations 
have a purpose and are there to give helpful hints and mathematical ideas. 
The philosophy is to make them child friendly, and so instead of a statement 
like ‘Solve the problem below’ the Japanese book will use ‘Let’s solve the 
problem below’ reflecting the philosophy of collaborative pupil-centred 
problem solving. This is described by Takahashi (2006) who explains that  a 
unit in a Japanese textbook is a ‘series of problems and activities’ (p. 6) and 
he points to the cohesiveness of these carefully selected activities.   The 
textbooks are inexpensive and they are given to the pupils to keep, so that 
they may write notes in them.  The textbooks are fairly small and, in line 
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with the national curriculum, embody the Japanese philosophy of teaching a 
few important topics per year in depth.   
 
A particular characteristic of the textbooks for elementary grades is that they 
are designed for teachers who do not have any specialist subject knowledge, 
and they include teachers’ guides with suggestions for how to teach each 
lesson, based upon research lessons. They even contain examples of 
questions that the pupils may ask, with suggestions for how to deal with 
these questions and examples of typical pupil responses and errors.  
 
9.1.1.4 The approach to teaching and learning algebra  
The course of study introduces the concept of algebra in elementary school 
from grade 1, and textbooks promote algebraic thinking with notes in the 
accompanying teacher’s manual to explain how to use the activities in the 
textbook in order to introduce algebraic ideas, and the problems are set out 
to encourage children to look for patterns. For example, in the grade 2 text 
book (Gakko Tosho, 2006, p.34) in the section on multiplication tables, the 
tables are described in terms of variables, represented by empty boxes; the 
pupils are then given a multiplication square and prompted to look for 
“secrets” in the square in the form of patterns and relationships. Some 
examples of this are shown in figure 9.1: 
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Figure 9.1 Japanese approach to multiplication tables in grade 2 from 
“Mathematics for Elementary School, 2nd grade” 
(Gakko Tosho, 2006, p. 34 and p. 39) 
 
 
 
By grade 5 the pupils are using formulas involving words as variables and 
this is linked to the work in other topics, such as geometry, as illustrated in 
the example in figure 9.2: 
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Figure 9.2 Question from “Mathematics for Elementary School, 5th 
grade  
(Gakko Tosho, 2006, p. 34 and p. 39) 
 
 
By the beginning of secondary school pupils are expected to work with 
formal algebra, using letters as variables, working with algebraic 
expressions and solving equations, and making use of algebra to describe 
situations throughout the mathematics curriculum.  
 
9.1.1.5 The role of calculators and ICT 
Calculators are not used until grade 4 of elementary school (9 – 10 years) 
and the guidelines in the course of study are given as follows: 
‘When handling calculations involving large numbers or complex 
calculations in the problem-solving process, soroban (abacus) and 
held-held calculators may be used from Grade 4 on. In this, 
appropriate opportunities should be established to estimate the 
results of calculations and check the results. In lower grades, 
teaching materials such as abacuses and physical objects may be 
used with care to deepen understanding of the meaning of numbers 
and calculations’ 
 
‘Consideration should be given to the effective use of computers, 
enriching children’s sense of numbers, quantities and geometrical 
figures and improving their ability to use tables and graphs for 
expression’. 
(Japan Society of Mathematical Education, 2000, p.20) 
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Whilst in the guidelines for lower secondary school it is stated that 
 
‘In instruction for each grade, soroban (abacus) calculators, 
computers and information communication networks may be used 
when necessary with care given to improving learning results. In 
particular, consideration should be given in this regard when 
carrying out instruction of the contents involving numerical 
calculations or instruction involving observation, manipulation and 
experimentation’ 
  (Japan Society of Mathematical Education, 2000, p.27) 
  
 
By upper secondary school the expectation is that 
‘The teacher should make active use of computers and information 
communication networks etc for understanding mathematical-
scientific phenomena and for recognizing rules through 
computational trials and for the collecting, searching, measuring 
and controlling of information in the process of observations and 
experiments, for simulation and for the calculation and management 
of results’. 
  (Japan Society of Mathematical Education, 2000, p.43) 
 
 
Thus within the course of study there is an emphasis on careful and 
judicious use of calculators and ICT, with computers being regarded mainly 
as a teaching aid, and calculators only used when necessary rather than 
being seen as a tool for the pupils to use readily.  In conversations with 
Japanese teachers (details of these conversations are given in section 9.3.2) 
it would appear that in many Japanese secondary mathematics lessons 
calculators are not used at all.  
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9.1.1.6  Teaching methods and staff development 
The description of Japanese mathematics teaching was given by Miyakawa 
(2006) as ‘structured problem-solving’ and in the TIMMS Video Study 
carried out in 1997 (Stigler and Hiebert, 1997) typical mathematics lessons 
in lower secondary school in Japan were seen to have  the following 
characteristics: 
 Teacher poses a complex thought-provoking problem 
 Students struggle with the problem 
 Various students present ideas or solutions to the class 
 Class discusses the various solution methods 
 Teacher summarises the class’ conclusions 
 Students practise similar problems   
(Stigler and Hiebert, 1997) 
 these characteristics are contrasted with those observed in many 
mathematics lessons with the same age group in the U.S., which had a much 
greater emphasis on skill acquisition: 
 Teacher instructs students in a concept or skill 
 Teacher solves example problems 
 Students practise on their own while the teacher assists individual 
students 
(Stigler and Hiebert, 1997)  
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These findings were summarised by Jones  (1997) in the table given in table 
9.1:  
Typical Year 9 Japanese mathematics lesson Typical Year 9 U.S. mathematics lesson  
is with a mixed-ability class is with a class set by ability 
begins with a complex problem relies on a textbook 
focuses on developing mathematical thinking focuses on developing a mathematical skill 
devotes most time to mathematical reasoning 
and understanding 
devotes most available time to practising 
routine procedures 
makes explicit links between concepts features isolated tasks 
Table 9.1 Comparison of mathematics lessons in Japan and the U.S. 
(Jones, 1997) 
 
Jones (1997) also identified the fact that Japanese mathematics teachers 
have a substantially lighter teaching load than mathematics teachers in the 
US, with more time to prepare lessons, better working conditions and more 
time to develop professionally. He also suggests that mathematics 
classrooms in the UK are likely to be much closer in style to US classrooms 
than Japanese ones. Stigler and Hiebert (1999) went on to  compare 
mathematics teaching in three countries, Japan, America and Germany, and 
identified the Japanese practice of ‘lesson study’ as being a very effective 
form of professional development, and point to the fact that in Japan it is the 
teachers themselves who have primary responsibility for the improvement 
of classroom practice. Kounaikenshuu is the continuous process of school-
based professional development, in groups, that all Japanese teachers have 
to participate in as part of their job. These groups, according to Stigler and 
Hiebert (1999), perform a dual role: ‘not only do they provide a context in 
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which teachers are mentored and trained; they also provide a laboratory for 
the development and testing of new teaching techniques.’ (p. 110) Thus, the 
majority of educational research in Japan is done by teachers and not by 
university researchers, which is the case in many other countries including 
the United States and the United Kingdom.  
 
9.1.2 The Netherlands 
9.1.2.1 The school system in the Netherlands 
The Dutch education system consists of primary, secondary and higher 
education, and education is compulsory from the age of five to sixteen, 
although many children start primary school at the age of four.  
Primary school includes:  Kindergarten 1            Age 4-5 
          Kindergarten 2            Age 5-6 
         Primary Grades 3 – 8     Age 6 -12 
 
Secondary education, which covers secondary grades 1 – 6 (age 12 – 18), is 
split into three different types: 
VMBO  is pre-vocational education, preparing pupils for vocational 
education (MBO). 
HAVO is general secondary education, which prepares pupils for higher 
vocational    education (HBO). 
VWO is general secondary education which prepares pupils for university. 
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All three types of secondary school begin with a foundation phase of two 
years (grades 1 and 2) 
                      
9.1.2.2  Recent curriculum development and Realistic Mathematics 
Education 
 
In the Netherlands, current mathematics education policy has been inspired 
by the work of Hans Freudenthal and his colleagues who developed a 
philosophy known as Realistic Mathematics Education (RME). This 
characterises mathematics as being an activity rather than a set of rules, and 
therefore seen as a creative, sociable and organising activity, in which 
unknown relationships and structures are to be discovered.  In 1971 The 
Dutch Ministry of Education established an institute for the development of 
mathematics education, and this later became known as the Freudenthal 
Institute.  At the same time, a reform of the primary curriculum began and 
ten years later there was a major reform of the secondary curriculum. The 
impact on the mathematics curriculum was the introduction of two strands 
of mathematics, named “Mathematics A” and Mathematics B”.  
Mathematics A was introduced as a subject that prepared students for the 
social sciences, and reduced abstract mathematics to a minimum, focusing 
more on statistics and discrete mathematics, throughout secondary 
schooling. Mathematics B had an emphasis on abstract functions, vectors 
etc. and was targeted at future engineers. All schools had to offer both 
strands. In 1993 the next curriculum reform established a new common core 
curriculum at junior secondary level (grades 7/8) and for the final years of 
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the lower ability track (grades 9/10 of the VMBO, the vocational track 
which serves the lower 60% of Dutch students).  According to Vos (2009) 
this was developed ‘not as a watering- down of curricula at a higher level, 
but it intended to give all future citizens basic, mathematical abilities’  
(p. 612). This was developed from the ‘Wiskunde 12 – 16’ project 
(Mathematics 12 – 16) by a team of teachers, trainers and RME researchers 
from the Freudenthal Institute.  The emphasis was placed on the fact that the 
usefulness of mathematics should be experienced during the learning 
process and should not just be justified by its role in future adult life. 
Moreover, inherent to RME is the concept that it can never be considered as 
a fixed or finished theory of mathematics education.  RME is seen as ‘work 
in progress’  (Van den Heuvel-Panhuizen, 1998).  The present form of RME 
has developed from Freudenthal’s view of mathematics (Freudenthal, 1973) 
as something which should be connected to reality,  stay close to children’s 
experience and be relevant to society. Mathematics lessons should give 
children the opportunity to be guided towards re-inventing mathematics by 
doing it. The new curriculum emphasised data modelling and interpretation, 
through graphs, tables and diagrams, the use of ICT, and topics considered 
relevant to daily life.  Mathematical concepts were introduced through a 
range of examples of mathematical models, and open problems were 
introduced.  National assessment was developed in line with this approach, 
with questions based on a daily-life situation, usually with authentic 
photographs.  The examples in Appendix D were developed for 14-year old 
students by the W12-16 curriculum designers. The problems in the context-
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based Dutch mathematics curriculum share a number of similarities with the 
mathematics PISA-tests (Decker et al, 2006): a title which indicates the 
theme, the clarifying text, the photographs and the provided mathematical 
model.  
 
The theoretical model for this approach was described by Treffers (1987) in 
the form of two types of  ‘mathematization’. He distinguished ‘horizontal 
mathematization’ in which the students come up with the mathematical 
tools to organise and solve a problem set in a real-life situation, and 
‘vertical mathematization’ as the process of reorganisation within the 
mathematics itself, for example by finding connections between concepts 
and strategies and applying these to the problem. In other words, horizontal 
mathematization involves going from the world of life to the world of 
symbols, whereas vertical mathematization involves working within the 
world of symbols.  
 
The reason why the word “Realistic” is used in the context of mathematics 
education in the Netherlands  is not simply due to the way in which 
mathematics is connected to the real world,  but because the mathematics is 
related to something that the students can imagine. The Dutch translation of 
‘to imagine’ is ‘zich realiseren’ and the emphasis is on making it real in 
your mind.  Thus the context of problems given to students does not 
necessarily come from the real world, but needs to be something they can 
imagine. ‘The fantasy world of fairy tales and even the formal world of 
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mathematics can provide suitable contexts for a problem, as long as they 
are real in the student’s mind’ (Van den Heuvel-Panhuizen, 2000, p. 4).   
 
RME reflects a certain view of what mathematics is, how students learn 
mathematics and how mathematics should be taught.  This is characterised 
by Van den Heuvel-Panhuizen (2000) in terms of six principles: 
 
 Activity principle  This can be described as “learning by doing”. 
Instead of students being receivers of ready-made mathematics, they 
are treated as active participants in the educational process, in which 
they develop mathematical tools and insights by themselves. 
 Reality principle   
In RME this is not just recognisable at the end of a learning process, 
but reality is seen as a source for learning mathematics. Even in the 
early years of RME it was emphasised that if children learn 
mathematics in an isolated fashion they will quickly forget it and be 
unable to apply it. Thus mathematics should be learned whilst 
working on context problems, in which the students can develop 
their mathematical tools and understanding. 
 Level principle  
As students learn mathematics they pass through various levels of 
understanding, and the condition for arriving at the next level is the 
ability to reflect upon the activities conducted.  This reflection can 
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be elicited by interaction. The strength of this is that it guides growth 
in mathematical understanding and gives the curriculum a 
longitudinal coherence. This long-term perspective is a characteristic 
of RME.  A powerful example of this longitudinal model is the 
number line. It begins in first grade as (a) a beaded necklace on 
which students can practise counting activities, and in higher grades 
it then successively becomes (b) an empty number line for 
supporting additions and subtractions, (c) a double number line for 
supporting work on ratios, and (d)  a fraction/percentage bar for 
supporting work with fractions and percentages. These ideas are 
illustrated in figure 9.3.  
 
  
Figure 9.3 Different ways a number line can appear 
(Van den Heuvel-Panhuizen, 2000, p. 7) 
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 Intertwinement principle  
Another characteristic of RME is that mathematics in school should 
not be split into distinctive learning strands. Solving rich context 
problems often means that you have to apply a broad range of 
mathematical tools and understandings. The strength of this principle 
is that it lends coherence to the curriculum. In the number strand, for 
example, topics like number sense, mental arithmetic, estimation and 
algorithms are closely related.  
 Interaction principle  
Within RME, the learning of mathematics is regarded as a social 
activity. Pupils should be given opportunities to share their strategies 
and inventions with each other. By listening to others and discussing 
their findings the students can find ideas for improving their own 
strategies, and since this interaction may invoke reflection, this 
enables pupils to reach a higher level of understanding.  Whilst 
whole-class teaching plays an important role in the RME approach, 
this does not mean that the whole class proceeds collectively. On the 
contrary, the pupils are seen as individuals, each following their own 
learning path. This is done by providing the pupils with problems 
which can be solved at different levels of understanding.  
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 Guidance Principle 
One of Freudenthal’s key principles for mathematics education is 
that pupils should be given a ‘guided’ opportunity to ‘re-invent’ 
mathematics. This means that both the curriculum and the teachers 
play a crucial role in how the pupils learn. They steer the learning 
process, not in a fixed way by demonstrating what the pupils need to 
learn, but by providing the pupils with a learning environment in 
which they have room to construct their own mathematical insights 
and tools. 
 
9.1.2.3  The role of textbooks 
In many countries the use of textbooks is gradually being discouraged, and 
it is noted by Van den Heuvel-Panhuizen (2000) that ‘many reform 
movements are aimed at getting rid of textbooks’ (p. 10).  However in the 
Netherlands the improvement of mathematics education is seen largely to 
depend on new textbooks as the most important tool in guiding the teacher’s 
teaching, in terms of both content and teaching methods. However  Dutch 
teachers are encouraged to be ‘fairly free with their teaching’ (Van den 
Heuvel-Panhuizen , 2000, p. 10) and schools are free to decide which 
textbook they use.  An important aid in the development of Dutch textbooks 
is a series of publications called the ‘Proeve’ or ‘National Program’ 
(Treffers, De Moor and Fejis, 1989)  which was introduced in 1989 and has 
been developed since then, providing support for textbook authors, teacher 
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educators and school advisors. An important element of this program is that 
it has been developed with significant contributions from researchers in 
mathematics education.  
 
 
9.1.2.4  The approach to teaching and learning algebra 
In primary school, the ultimate goal of RME arithmetic is that children are 
able to make sense of numbers and numerical operations. This means that 
they should be able to decide for themselves what calculation is appropriate 
for solving a particular problem, and they should know when mental 
calculation is adequate, when to do a written calculation and when to use a 
calculator.  The primary curriculum, published in 1993 by the Ministry of 
Education, Culture and Science (OCenW) contained 23 Core Goals for 
mathematics, split into six domains. In 2004 this list was revised and 
shortened to just 10 Core Goals grouped into three domains.  This reflected  
recent developments in mathematics education in the Netherlands, and the 
main changes were: 
 More attention paid to mental arithmetic and estimation 
 Formal operations with fractions were replaced with fractions in 
context situations 
 The insightful use of a calculator was included as a Core Goal 
The full list of core goals is as follows:  
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General mathematical insights and abilities 
Learn to use mathematical language 
Learn to solve practical and formal mathematical problems and 
express their reasonings in a clear way 
Learn to support and judge solution strategies 
Numbers and operations 
Learn to understand in a general way the structure and relationships 
of whole numbers, decimal numbers, fractions, percentages and 
ratios and are able to calculate with them in practical situations 
Learn to carry out mentally and quickly the basic operations with 
whole numbers at least up to 100; know the additions and 
subtractions up to 20 and the multiplication tables by heart 
Learn to estimate and calculate by approximation 
Learn to add, subtract, multiply and divide in a clear way 
Learn to write additions, subtraction, multiplications and divisions in 
standardized ways 
Learn to use the calculator with insight 
Measurement and geometry 
Learn to solve simple geometric problems 
Learn to measure and to calculate with measurement units and 
measures such as appear in time, money, perimeter, area, volume, 
weight, speed and temperature 
 
Throughout the curriculum the aim is that pupils will acquire mathematical 
concepts and skills by representing and analysing real and realistic 
situations. In his description of the RME curriculum, Romberg (2001, p.5) 
describes how in primary school this involves the ‘progressive formalization 
of the mathematics’ in which the pupils ‘first approach problems and 
acquire algebraic skills in an informal way’ . He explains that they  ‘use 
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words and pictures and/or diagrams of their own invention to describe 
mathematical situations, organize their own knowledge and work, solve 
problems and explain their strategies.’ He then describes how pupils move 
on and ‘gradually begin to use symbols to describe situations’, ’  (Romberg, 
2001, p 5).  and emphasises that they can ‘devise their own symbols or learn 
certain non-conventional notation (e.g arrow language)’  (Romberg, 2001, 
p 5).  This builds the foundation for moving on to the use of formal 
algebraic notation in secondary school.  
 
9.1.2.5  The role of calculators and ICT 
The use of calculators in learning mathematics in the Netherlands is strongly 
encouraged from primary school onwards, with one of the ten Core Goals 
for primary mathematics being ‘Learn to use the calculator with insight’.  
Scientific calculators are used in mathematics lessons in secondary school, 
and pupils are encouraged to determine when a calculation could be done 
using mental or written methods, or whether the use of a calculator is the 
most appropriate method.  The varied use of ICT is also encouraged within 
the secondary mathematics curriculum, and researchers in the Freudenthal 
Institute have developed a suite of applets called Wisweb to support 
mathematics teaching and learning in the secondary school, and these are 
widely used. This includes a Digital Learning Environment (DLE) in which 
pupils can set up their own account and save their work to continue either at 
home or at school. This is used in most secondary schools. 
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9.1.3 The USA (New York State)  
In the USA, each state has its own curriculum and methods of assessment, 
and so since the school in this study was in New York State, this section 
will focus on the mathematics curriculum in this state.  
9.1.3.1 The school system in New York State 
The education system in New York State consists of elementary school, 
middle school and high school. Children start elementary school at the age 
of 5, then move to middle school then high school, the grades and age 
groups being as shown in table 9.2: 
Elementary School: 
 
 
 
 
Middle School: 
 
                                      
 
High School 
 
 
 
 
Table 9.2  Grades and Ages in schools in New York State 
Grade Age 
K 
(Kindergarten) 
5 - 6 
1 6 - 7 
2 7 - 8 
3 8 – 9 
4 9 - 10 
5 10 - 11 
Grade Age 
6 11- 12 
7 12 - 13 
8 13 - 14 
Grade Age 
9 14 - 15 
10 15 - 16 
11 16 – 17  
12 17 - 18 
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9.1.3.2  The Mathematics Curriculum 
In January 2005 the New York State Department of Education Mathematics 
Department released ‘performance indicators pre-K-12’, which are the 
standards to be implemented starting in grade 3  (in elementary school) until 
grade 8 (end of middle school). These are set out by the State Education 
Department in the ‘Mathematics Core Curriculum MST Standard 3’ in 
2005. In the introduction to this document it is stated that  
 
‘Every teacher of mathematics, whether at the elementary, middle or 
high school level, has an individual goal to provide students with the 
knowledge and understanding of the mathematics necessary to 
function in a world very dependent upon the application of 
mathematics. Instructionally, this goal translates into three 
components’: 
 
Conceptual understanding 
Procedural fluency 
Problem solving                                
 (New York State Education Department, 2005, p. 1)  
 
It is stressed that these components are integrally related and need to be 
taught simultaneously, and that they should be a component of every 
mathematics lesson.  
 
The standards are arranged in 10 strands, consisting of five Process Strands 
and five Content Strands:  
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Process Strands: 
 Problem Solving Strand 
 Reasoning and Proof Strand 
 Communication Strand 
 Connections Strand 
 Representation Strand 
 
Content Strands:  
 Number Sense and Operations Strand 
 Algebra Strand 
 Geometry Strand 
 Measurement Strand 
 Statistics and Probability Strand 
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Each strand contains a list of specific standards which the pupils are 
expected to achieve in this grade. In grade 7, for example, there are 
120 standards altogether in the 10 strands.  The way that these 
strands overlap is shown in figure 9.4: 
 
 
 
 
 
 
 
 
 
 
Figure 9.4  The Process and Content Strands in the New York State 
Core Curriculum   (New York State Education Department , 2005) 
 
 
Once a year, in May, all pupils in grades 3 to 8 must take a ‘state 
mathematics assessment’.  The questions are multiple-choice and each 
question in this assessment is linked to one of the standards.  An example of 
a recent assessment for grade 7 is given in appendix E along with the 
corresponding mark scheme which contains the standards that are being 
assessed in each question. As an example that is particularly relevant to this 
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research, one of the standards in the Number and Operations Strand for 
grade 7 is: 
7.N.11  Simplify expressions using order of operations  Note: Expressions 
may include absolute value and/or integral exponents greater than 0  
(New York State Learning Standards for Mathematics, 2005, p.75) 
 
The question that assessed this standard in the 2009 assessment was: 
Simplify the expression below: 
| 7 - 3²| + 4 
A   2      B  3       C  5       D  6 
(New York State Education Department, 2009, p. 20) 
 
A recent study (Moyer et al, 2011) into the impact of standards-based 
curricula in middle school mathematics in the United States investigated 
nearly 600 algebra-related lessons over a period of three years, 
approximately half of which were in schools which had adopted a 
Standards-based mathematics curriculum. The authors suggested that a 
standards-based curriculum had a significant effect on the mathematics 
teaching that took place, with increased emphasis on conceptual 
understanding when compared to what they described as a ‘traditional’ 
curriculum. They also found that teachers following a standards-based 
curriculum were more likely to follow the lessons exactly as laid out in the 
set textbook, and that they ‘were more likely to implement the curriculum as 
intended by the textbook authors’ (p. 97).  However, Schmidt et al (2006, p.  
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3) criticised the U.S. curriculum content for being highly repetitive , with 
the standards providing ‘long laundry lists of seemingly unrelated, separate 
topics’. 
 
9.1.3.2 The role of textbooks 
In the US textbooks are regarded as an important resource to be used 
alongside a range of other teaching and learning resources, in elementary 
schools, middle schools and high schools.  There are numerous textbooks 
available and usually a school district will agree on a particular series of 
textbooks which will be used by all the schools in that district.  In the school 
district in which I conducted my study, all schools use the ‘Maths Connect’ 
programme (Macmillan, 2009) in grade 5 (last year of elementary school) 
and the ‘Middle School Math’ series (Holt, Rinehart, Winston, 2002) to 
deliver the district curriculum. An example of exercises from the ‘Middle 
School Math’ series is shown in Appendix E.  The mathematics curriculum 
for each grade is set out in detail, lesson by lesson, with each lesson linked 
to a particular standard and with reference to the appropriate pages of the set 
textbook.  Textbooks tend to be very long, and in the report of the National 
Mathematics Advisory Panel ‘Foundations for Success’ (U.S. Department 
of Education, 2008) it was stated that  
‘U.S. mathematics textbooks are extremely long—often 700–1,000 
pages. Excessive length makes books more expensive and can 
contribute to a lack of coherence’. 
   (U.S. Department of Education, 2008, p. 24) 
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9.1.3.4  The approach to teaching and learning algebra 
The National Council of Teachers of Mathematics (NCTM) set out its 
position on the teaching of algebra in 2008 in a paper entitled ‘Algebra: 
What, When and for Whom?’ In answer to the question “What is algebra, 
when should it be taught, and to whom?” it starts by stating:  
‘Algebra is a way of thinking and a set of concepts and skills that 
enable students to generalize, model, and analyze mathematical 
situations. Algebra provides a systematic way to investigate 
relationships, helping to describe, organize, and understand the 
world. Although learning to use algebra makes students powerful 
problem solvers, these important concepts and skills take time to 
develop. Its development begins early and should be a focus of 
mathematics instruction from pre-K through grade 12. Knowing 
algebra opens doors and expands opportunities, instilling a broad 
range of mathematical ideas that are useful in many professions and 
careers. All students should have access to algebra and support for 
learning it’.      
(NCTM, 2008, p.1)  
 
The paper acknowledges that the development of algebraic concepts and 
skills happens over time, and that children should encounter algebraic ideas 
from elementary school. However, in terms of more formal algebra the 
recommended approach is ‘algebra when ready’ which recommends that:  
 
 
‘Only when students exhibit demonstrable success with prerequisite 
skills—not at a prescribed grade level—should they focus explicitly 
and extensively on algebra, whether in a course titled Algebra 1 or 
within an integrated mathematics curriculum. Exposing students to 
such coursework before they are ready often leads to frustration, 
failure, and negative attitudes toward mathematics and learning’   
 
(NCTM 2008, p. 1 
262 
 
 
 
 
 
 
 
9.1.3.5 The role of calculators and ICT 
The use of calculators and computers has been strongly recommended by 
the NCTM since the 1980s, and in its Curriculum and Evaluation Standards 
for School Mathematics (1989) it recommended that ‘calculators and 
computers be freely available to elementary school students for solving 
mathematical problems, exploring patterns and concepts, and investigating 
realistic applications’  (NCTM, 1989, p.4). 
 
As technology has advanced, its use in the teaching and learning of 
mathematics in the USA has been strongly encouraged, and in 2008 the 
NCTM recommended that  
‘Teachers should also help students develop skills in the strategic 
use of a range of technological tools, including graphing 
calculators, spreadsheets, statistical software, and computer algebra 
systems’.      
 
(NCTM, 2008, p. 1)  
 
 
9.1.4 Comparisons of curricula and key findings 
The main feature that the Japanese and Dutch curricula have in common is 
that of introducing problems in context and encouraging a problem-solving 
approach within classroom activities, developing mathematical reasoning 
and understanding and solving rich-context problems that require a broad 
range of mathematical skills and understandings.  In contrast with this, the 
curricula in the UK and the US focus more on developing specific 
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mathematical skills, and are more likely to feature isolated tasks. In each of 
the UK and the US the curriculum is defined by a set of learning objectives 
(UK) or standards (US) which effectively break down the curriculum into 
individual units of work, whereas in each of the Netherlands and Japan the 
curriculum is defined in terms of much more general objectives which lend 
coherence to the curriculum and encourage the practice of making explicit 
links between topics. 
 
In each of the UK and the US the approach to algebra is characterised by the 
view of algebra as generalised arithmetic, and algebra is not explicitly 
introduced to the curriculum until the age of 12.  An emphasis is placed on 
the acquisition and development of arithmetic skills before the introduction 
of algebraic symbolism. In Japan, formal algebra is explicitly introduced in 
the objectives for grade 1 (age 6 – 7 years) and continues to feature 
significantly from then onwards, meaning that all pupils start using formal 
algebraic symbolism  as early as the age of 6. In the Netherlands, although 
algebra is not formally introduced until secondary school (age 12) the 
primary curriculum goals place an emphasis on the use of mathematical 
language and the formal expression of mathematical reasoning, and when 
complex calculations are introduced in the secondary school they are taught 
alongside algebraic notation rather than beforehand.  Thus the philosophy 
behind the approach to the development of algebraic concepts and skills 
varies significantly when Japan and the Netherlands are compared to the UK 
and the US; in both Japan and the Netherlands the emphasis is more on 
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concepts than skills, whereas in the UK and the US the emphasis is on the 
development of algebraic skills through generalised arithmetic.  
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9.2   Comparison of misconceptions observed by pupils in each country 
9.2.1  Japan 
A summary of the misconceptions demonstrated by the Japanese pupils in 
the pilot study is given in table 9.3 and illustrated by a bar chart given in 
figure 9.5: 
 
n = 33 
Category of error M1 M2 M3 M4 M5 M6 M7 M8 M9 
Number of pupils who 
demonstrate this  error 
1 6 0 1 2 0 0 0 0 
Percentage of pupils 
who 
demonstrate this error 
3.0 18.1 0 3.0 6.1 0 0 0 0 
 
Category of error C1 C2 C3 C4 C5 C6 C7 C8 C9 
Number of pupils who 
demonstrate this  error 
1 0 0 1 0 0 0 0 0 
Percentage of pupils 
who 
demonstrate this error 
3.0 0 0 3.0 0 0 0 0 0 
 
Category of error A1 A2 A3 A4 A5 
Number of pupils who 
demonstrate this  error 
1 7 2 0 0 
Percentage of pupils who 
demonstrate this error 
3.0 21.2 6.1 0 0 
 
Table 9.3  Analysis of Misconceptions School Y Japan  (pilot study)  
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Figure 9.5  Barchart showing pupil misconceptions in Japan school Y 
 
This analysis reveals that only a small number of the Japanese pupils 
demonstrated misconceptions with the order of operations, with only 6 
pupils (18%) showing any evidence of misconceptions with the order of 
operations. Only one pupil demonstrated the ‘Left to Right’ misconception. 
This pupil also demonstrated the ‘Addition Before Multiplication’ 
misconception. However this was the only pupil in the class to demonstrate 
either of these. These are shown in the pupil’s work on the first two 
calculations, shown in figure  9.6: 
 
 
Figure 9.6  Japan Pupil 29 from School Y  
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The only other misconception relating to the order of operations revealed by 
the Japanese pupils was categorised as M2, in which the power appeared to 
have been calculated before the bracket. This was observed with 6 of the 
pupils (18.1%) and some examples of this are shown in Figure 9.7: 
 
 
School Y  Pupil 15 
 
School Y  Pupil 22 
 
School Y  Pupil 23 
Figure 9.7  Examples of misconception M2 by Pupils 15, 22 and 23 in 
School Y 
 
This could, however, be explained by the manner in which many of the 
Japanese pupils seemed to approach arithmetic, which was in an algebraic 
manner. It appeared that many of the Japanese pupils treated the arithmetic 
as a specific case of doing algebra. They manipulated the arithmetic 
expressions as if they were algebraic expressions. Some typical examples of 
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this are shown in figure 9.8. Pupil 29’s working in the first calculation 
shows that he seems to have a clear understanding of the order of  
operations, but has made a mistake in treating the bracket as an addition 
rather than a multiplication. In the second calculation he has multiplied out 
the brackets in the denominator correctly. Pupil 18 has multiplied out the 
brackets correctly but has made a mistake in adding the terms together, and 
Pupil 31 has incorrectly squared the brackets in the denominator of the 
fraction.  
 
 
Japan School Y Pupil 29 
 
Japan School Y Pupil 18 
 
Japan School Y Pupil 31 
Figure 9.8  Examples of Japanese pupils’ ‘algebraic’ methods 
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In general the Japanese pupils carried out these algebraic manipulations 
correctly, but the main source of incorrect answers was due to mistakes in 
multiplying out brackets. It therefore seemed likely that the pupils who 
exhibited the misconception M2, some of whose work was shown in figure 
8.3, were not simply “ignoring” the brackets in the denominator but were 
perhaps trying to square the bracket and doing this incorrectly as follows:  
 
(1 + 2)²  =  (1 + 2)(1 + 2)  = 1² + 2² 
Figure 9.9  Example of an “algebraic mistake” by Japanese pupils 
 
This type of mistake appears to account for the vast majority of the incorrect 
answers that were given by the Japanese pupils.  
 
9.2.2   The UK 
In the UK there was one class in the pilot study, in school X, and three in 
the main study, in schools A, B and C.   Summaries of the misconceptions 
observed in these classes are given in tables 9.4 to 9.10 and are shown 
graphically in figures 9.10 to 9.16: 
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School X   n = 20  
Category of error  M1 M2 M3 M4 M5 M6 M7 M8 M9 
Number of pupils who  
demonstrate this  error 
10 1 6 2 0 0 0 0 0 
Percentage of pupils 
who  
demonstrate this error  
50.0 5.0 30.0 10.0 0 0 0 0 0 
 
 
Category of error  C1 C2 C3 C4 C5 C6 C7 C8 C9 
Number of pupils who  
demonstrate this  error 
6 13 2 0 0 0 0 0 0 
Percentage of pupils 
who  
demonstrate this error  
30.0 65.0 10.0 0.0 0 0 0 0 0 
 
Category of error  
A1 A2 A3 A4 A5 
Number of pupils who  
demonstrate this  error 
0 1 0 0 0 
Percentage of pupils who  
demonstrate this error  
0 5.0 0 0 0 
Table 9.4  Analysis of Misconceptions UK School X  (pilot study)  
 
Figure 9.10  Barchart showing pupil misconceptions in UK School X 
(pilot study) 
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School A     n=17 
Worksheet 1 (non-calculator)  
Category of error  M1 M2 M3 M4 M5 M6 M7 M8 M9 
Number of pupils who  
demonstrate this  error 
10 3 6 1 0 2 1 0 0 
Percentage of pupils who  
demonstrate this error  
58.8 17.6 35.3 5.9 0 11.8 5.9 0 0 
 
Category of error  C1 C2 C3 C4 C5 C6 C7 C8 C9 
Number of pupils who  
demonstrate this  error 
3 4 1 0 14 0 0 0 0 
Percentage of pupils who  
demonstrate this error  
17.6 23.5 5.9 0 82.4 0 0 0 0 
 
Category of error  
A1 A2 A3 A4 A5 
Number of pupils who  
demonstrate this  error 
0 3 0 1 0 
Percentage of pupils who  
demonstrate this error  
0 17.6 0 5.9 0 
Table 9.5  Analysis of Misconceptions UK  School A worksheet 1 
 
 
Figure 9.11  Barchart showing pupil misconceptions in UK School A  
worksheet 1 (non-calculator) 
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School A      n = 17        Worksheet 2 (with-calculator) 
Category of error  M1 M2 M3 M4 M5 M6 M7 M8 M9 
Number of pupils who  
demonstrate this  error 
4 5 1 0 0 1 0 1 1 
Percentage of pupils 
who  
demonstrate this error  
23.5 29.4 5.9 0 0 5.9 0 5.9 5.9 
 
Category of error  C1 C2 C3 C4 C5 C6 C7 C8 C9 
Number of pupils who  
demonstrate this  error 
1 1 0 0 4 0 0 0 0 
Percentage of pupils 
who  
demonstrate this error  
5.9 5.9 0 0 23.5 0 0 0 0 
 
Category of error  
A1 A2 A3 A4 A5 
Number of pupils who  
demonstrate this  error 
0 3 1 0 0 
Percentage of pupils who  
demonstrate this error  
0 17.6 5.9 0 0 
 
Category of error 
 
BC NC IC FC KC 
Number of pupils who  
demonstrate this  error 
0 0 0 9 0 
Percentage of pupils who  
demonstrate this error  
0 0 0 52.9 0 
Table 9.6   Analysis of Misconceptions UK School A worksheet 2 (with 
calculator) 
 
 
Figure 9.12  Barchart showing pupil misconceptions in UK School A 
worksheet 2 (with calculator)  
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School B     n = 29    Worksheet 1 (non-calculator) 
Category of error  M1 M2 M3 M4 M5 M6 M7 M8 M9 
Number of pupils who  
demonstrate this  error 
9 0 10 2 0 1 0 1 0 
Percentage of pupils 
who demonstrate this 
error  
31.0 0 34.5 6.9 0 3.4 0 3.4 0 
 
Category of error  C1 C2 C3 C4 C5 C6 C7 C8 C9 
Number of pupils who  
demonstrate this  error 
5 8 2 0 17 0 4 1 0 
Percentage of pupils 
who  
demonstrate this error  
17.2 27.6 6.9 0 58.6 0 13.8 3.4 0 
 
Category of error  
 
A1 A2 A3 A4 A5 
Number of pupils who  
demonstrate this  error 
0 3 0 0 3 
Percentage of pupils who  
demonstrate this error  
0 10.3 0 0 10.3 
Table 9.7  Analysis of Misconceptions UK School B worksheet 1 (non-
calculator) 
 
 
 
Figure 9.13  Barchart showing pupil misconceptions in UK School B  
worksheet 1 (non-calculator) 
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School B      n = 29     Worksheet 2 (with-calculator) 
Category of error  M1 M2 M3 M4 M5 M6 M7 M8 M9 
Number of pupils who  
demonstrate this  error 
0 7 3 0 0 2 0 5 0 
Percentage of pupils who  
demonstrate this error  
0 24.1 10.3 0 0 6.9 0 17.2 0 
 
Category of error  C1 C2 C3 C4 C5 C6 C7 C8 C9 
Number of pupils who  
demonstrate this  error 
1 2 1 0 9 1 4 0 1 
Percentage of pupils who  
demonstrate this error  
3.4 6.9 3.4 0 31.0 3.4 13.8 0 3.4 
 
Category of error  A1 A2 A3 A4 A5 
Number of pupils who  
demonstrate this  error 
0 11 0 0 0 
Percentage of pupils who  
demonstrate this error  
0 37.9 0 0 0 
 
Category of error  BC NC IC FC KC 
Number of pupils who  
demonstrate this  error 
1 1 1 7 0 
Percentage of pupils who  
demonstrate this error  
3.4 3.4 3.4 24.1 0 
Table 9.8   Analysis of Misconceptions UK School B worksheet 2 (with 
calculator) 
 
 
 
Figure 9.14  Barchart showing pupil misconceptions in UK school B 
worksheet 2 (with calculator) 
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School C     n = 30    Worksheet 1 (non-calculator) 
 
Category of error  M1 M2 M3 M4 M5 M6 M7 M8 M9 
Number of pupils who  
demonstrate this  error 
23 0 9 1 0 5 0 6 0 
Percentage of pupils 
who  
demonstrate this error  
76.7 0 30.0 3.3 0 16.7 0 20.0 0 
 
Category of error  C1 C2 C3 C4 C5 C6 C7 C8 C9 
Number of pupils who  
demonstrate this  error 
2 5 2 0 6 0 0 0 0 
Percentage of pupils 
who  
demonstrate this error  
6.7 16.7 6.7 0 20.0 0 0 0 0 
 
Category of error  A1 A2 A3 A4 A5 
Number of pupils who  
demonstrate this  error 
3 0 0 0 0 
Percentage of pupils who  
demonstrate this error  
10.0 0 0 0 0 
Table 9.9  Analysis of Misconceptions UK School C worksheet 1 (non-
calculator) 
 
 
 
Figure 9.15  Barchart showing pupil misconceptions in UK School C  
worksheet 1 (non-calculator) 
 
0
20
40
60
80
100
M
1
M
2
M
3
M
4
M
5
M
6
M
7
M
8
M
9
C
1
C
2
C
3
C
4
C
5
C
6
C
7
C
8
C
9
A
1
A
2
A
3
A
4
A
5
P
e
rc
e
n
ta
g
e
 o
f 
p
u
p
il
s
  
Error 
UK School C Worksheet 1  
276 
 
 
 
 
 
 
School C     n = 30    Worksheet 2 (with-calculator)  
Category of error  M1 M2 M3 M4 M5 M6 M7 M8 M9 
Number of pupils who  
demonstrate this  error 
7 3 1 0 0 0 0 5 0 
Percentage of pupils 
who  
demonstrate this error  
23.3 10.0 3.3 0 0 0 0 16.7 0 
 
Category of error  C1 C2 C3 C4 C5 C6 C7 C8 C9 
Number of pupils who  
demonstrate this  error 
0 5 0 0 1 0 0 0 0 
Percentage of pupils 
who  
demonstrate this error  
0 16.7 0 0 3.3 0 0 0 0 
 
Category of error  A1 A2 A3 A4 A5 
Number of pupils who  
demonstrate this  error 
0 6 0 0 0 
Percentage of pupils who  
demonstrate this error  
0 20.0 0 0 0 
 
Category of error BC NC IC FC KC 
Number of pupils who  
demonstrate this  error 
1 2 0 11 3 
Percentage of pupils who  
demonstrate this error  
3.3 6.7 0 36.7 10.0 
Table 9.10  Analysis of Misconceptions UK School C worksheet 2  
(with calculator) 
 
 
Figure 9.16 Barchart showing pupil misconceptions in UK school C 
worksheet 2 (with calculator) 
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This analysis reveals that in all four classes studied in the UK, many of the 
pupils demonstrated a range of misconceptions with regard to the order of 
operations, with 14 pupils (70%) in School X , 14 pupils (82%) in School A, 
18 pupils (62%) in School B and 29 pupils (97%) in School C 
demonstrating at least one misconception with regard to the order of 
operations, the most frequent being working from left to right (categorised 
as M1).  It appeared from the pupils’ work that many were aware that there 
was a convention regarding the order, since a number of pupils from each 
school had written “BODMAS” or BIDMAS” somewhere on the worksheet. 
Some examples of this are shown in figure 9.17.  In some cases this seemed 
to help, and the pupils who had written this did not work from left to right, 
but it did not ensure that the pupils would be able to deal with the more 
complex calculations or those involving powers.  It appeared that some 
pupils were unsure about the meaning of the letter “I” in BIDMAS or “O” in 
BODMAS;  this is clearly evident in the work of Pupil 17 from School B 
and also Pupil 4 from School C, who both wrote down their interpretations 
of the meanings of the letters in BIDMAS,  but omitted an interpretation of 
the letter I.   This failure to completely understand what the mnemonic 
represented had been evident in some of the interviews with the pupils in the 
UK schools, described in section 8.2) .   
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School A Pupil 6 worksheet 1 
 
School B Pupil 15 writing on the top of worksheet 1 
 
 
 
 
 
School B Pupil 17 writing on the top of worksheet 1 and worksheet 2 
279 
 
 
 
 
 
 
 
 
School C Pupil 4 worksheet 1 all questions 
Figure 9.17  Examples of pupils in the UK trying to use BIDMAS or 
BODMAS 
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Even when the word BIDMAS or BODMAS had not been written 
explicitly, there was evidence to suggest that many of the pupils in the UK 
were aware of a need for a convention, but were often unsure about what 
this should be.  This is exemplified in figure 9.18 by the work of Pupil 5 
from School A. Her work in question 1 suggests that she cannot make up 
her mind whether to work from left to write or to calculate the 
multiplication first. Having done this in both ways she finally decides to use 
the left to right calculation, and continues to do this in the subsequent 
questions. It is interesting to see that she even continues to do this when 
evaluating the first of the algebraic expressions, but subsequently carries out 
the correct calculations with the last three algebraic questions, suggesting 
perhaps that it is the algebraic expressions themselves that have prompted 
her to use the correct convention.  
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School A Pupil 5 worksheet 1 questions 1 – 3 and 11 – 14 
 
 
 
School A Pupil 9 worksheet 1 question 1, question 2 and question 11  
Figure 9.18   Examples of evidence of knowledge of the need for a 
convention, and how algebraic thinking can prompt the correct 
convention 
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It was interesting to note that many of the pupils who exhibited the ‘Left-to-
Right’ misconception, categorised as M1, demonstrated this consistently 
even when working with a calculator. This often resulted in inefficient use 
of the calculator in order for the pupil to carry out the calculation in a left-
to-right manner.  An example of this is given in figure 9.19, in which Pupil 
2 from School A works very deliberately from left to right in questions 1, 2 
and 3 in both worksheets, as revealed by her written workings and 
keystrokes. She also makes a mistake in question 1 of worksheet 2 involving 
a change of sign from a multiplication to an addition, but her keystrokes 
reveal that she is attempting to work from left to right.  
 
 
  
School A Pupil 2 worksheet 1 questions 1, 2 and 3 
School A Pupil 2 worksheet 2 questions 1, 2 and 3 
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School A Pupil 2 worksheet 2 keystrokes for question 1 
 
School A Pupil 2 worksheet 2 keystrokes for question 2 
 
School A Pupil 2 worksheet 2 keystrokes for question 3 
 
Figure 9.19 Example of strong evidence of left-to right thinking both 
with and without a calculator by UK pupil 
 
A range of errors with notational conventions was observed across the 
pupils in all four classes in the UK, a particularly common error amongst 
the pupils in the UK was being unable to correctly square a negative 
number, which was categorised as C5.  The percentage of pupils who 
demonstrated this error in worksheet 1 ranged from 20% in School C to 
82% in School A.  This error was also highly evident in worksheet 2; even 
when working with a calculator the percentage of pupils who squared a 
negative number incorrectly was as high as 30% in School B, although only 
one pupil (3%) in School C did this incorrectly with a calculator.  Another 
relatively frequent misconception amongst the pupils in the UK, regarding 
convention, was an incorrect use of power notation, categorised as C1.  A 
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number of pupils in each of the UK schools, as many as 30% in pilot school 
X,  incorrectly interpreted a power of 2 to mean multiply by 2. This was less 
frequent in worksheet 2, possibly because the graphics calculator has an                
key which many of the pupils used correctly, but some pupils demonstrated 
a strong conviction in both worksheets that the power of 2 should be 
interpreted as a multiplication by 2.  This is exemplified in figure 9.20 by 
the work and keystrokes of Pupil 13 from School B. 
 
 
School B Pupil 13 worksheet 1 question 5 
 
School B Pupil 13 worksheet 2 question 5  
 
School B Pupil 13 worksheet 2 keystrokes for question 5  
Figure 9.20 An example of a UK pupil’s misunderstanding of index notation 
 
 
 
 
 x² 
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9.2.3  The Netherlands 
There was one class of pupils in the Netherlands, in School D.  A summary 
of the misconceptions observed from the pupils in this class is given in table 
9.10 and illustrated graphically in figure 9.21.  This is given for worksheet 1 
only, as without the key record data the analysis for worksheet 2 is less 
reliable.  
 
School D     n = 22 
Category of error  M1 M2 M3 M4 M5 M6 M7 M8 M9 
Number of pupils who  
demonstrate this  error 
2 0 0 0 0 0 0 4 0 
Percentage of pupils who  
demonstrate this error  
9.1 0 0 0 0 0 0 18.2 0 
 
Category of error  C1 C2 C3 C4 C5 C6 C7 C8 C9 
Number of pupils who  
demonstrate this  error 
4 2 2 0 2 0 1 0 0 
Percentage of pupils who  
demonstrate this error  
18.2 9.1 9.1 0 9.1 0 4.5 0 0 
 
Category of error  A1 A2 A3 A4 A5 
Number of pupils who  
demonstrate this  error 
0 3 0 0 0 
Percentage of pupils who  
demonstrate this error  
0 13.6 0 0 0 
Table 9.11  Analysis of Misconceptions Netherlands School D 
Worksheet 1 (non-calculator) 
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Figure 9.21  Barchart showing pupil misconceptions in the Netherlands 
School D worksheet 1 (non calculator) 
 
The first noticeable difference in the Dutch pupils’ work was their use of 
notation for multiplication and division. Many, but not all, of these pupils 
used a dot for multiplication and a colon for division, although this was not 
always consistent.  Some pupils used a mixture of dots, multiplication signs, 
colons and division signs, but when their class teacher was interviewed 
(described in section 9.3.3 ) she suggested that this was probably due to the 
notation that was used in the worksheets, and that the pupils would 
generally be consistent about using dots for multiplication and colons for 
division. The class teacher did not feel that the use of multiplication signs 
and division signs in the worksheet would have caused problems for the 
pupils, and their work generally seemed to bear this out, but it may well 
have accounted for the fact that 7 of pupils (32%) made a “change of sign” 
error, classified as M8, at some point in one of the two worksheets.  The 
Dutch pupils consistently used a comma instead of a decimal point, but 
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again the teacher did not feel that they would have been confused by the use 
of decimal points in the worksheets.   This is exemplified in figure 9.22 by 
the work of Pupil 1 who uses a dot for multiplication in question 1, a colon 
for division in questions 2 and 3, and a multiplication sign in question 4.  
This pupil only answered one question incorrectly, and does not appear to 
have been confused with the mixture of notation. 
 
 
School D Pupil 1 worksheet 2 questions 1, 2, 3 and 4 
Figure 9.22 An example showing Dutch pupils’ use of symbols for 
multiplication and division 
 
Apart from those pupils who had exhibited a ‘Change of Sign’ error, only 2 
pupils in this class (9%) demonstrated any misconceptions with the order of 
operations, and these 2 pupils worked from left to right (categorised as M1). 
There was no evidence of any other misconception with the order of 
operations in either of the worksheets, and the pupils’ scores in worksheet 2 
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suggested that they were confident and competent when working with a 
calculator.  
 
Also 4 pupils (18%) changed the operation sign from that in the question. 
This is a higher percentage of the class than observed in any of the other 
schools in the study.  This had been categorised as M8, and is demonstrated 
in the work of pupils 7, 11, 17 and 21 in figure 9.23.  The pupils’ workings 
in some cases, such as pupil 7, reveal that they have written down the 
correct calculation but have changed the sign when evaluating it. This could 
have just beeen a careless error in some cases, and not a misconception, and 
as suggested in the discussion regarding notation,  it is possible that the 
difference in notation for multiplication and division on the worksheet, 
compared to what they were used to, could have contributed to these errors 
 
 
School D Pupil 7 worksheet 1 question 1 
 
School D Pupil 11 worksheet 1 question 12 
 
School D Pupil 17 worksheet 1 question 6 
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School D Pupil 21 worksheet 1 questions 13 and 14 
Figure 9.23  Examples of pupils from School D ‘changing the sign’ of 
the operation 
 
 
A small number of pupils demonstrated difficulties with algebraic notational 
conventions, with 4 pupils (18%) misinterpreting the notation for squaring, 
and 2 pupils (9%) being unable to correctly interpret the algebraic notation 
in the last four questions.  
 
 
9.2.4  The USA (New York State)  
There were two classes of pupils from school E in New York State. Class 1 
was grade 7 and Class 2 was grade 8.  Summaries of the misconceptions 
observed from the pupils in these classes are given in tables 9.12 and 9.13, 
and are illustrated graphically in figures 9.24 and 9.25: 
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School E Class 1 (grade 7)   n = 28     Worksheet 1 
Category of error  M1 M2 M3 M4 M5 M6 M7 M8 M9 
Number of pupils who  
demonstrate this  error 
4 2 1 2 1 4 0 6 0 
Percentage of pupils 
who  
demonstrate this error  
14.3 7.1 3.6 7.1 3.6 14.3 0 21.4 0 
 
Category of error  C1 C2 C3 C4 C5 C6 C7 C8 C9 
Number of pupils who  
demonstrate this  error 
1 5 3 2 6 0 0 0 1 
Percentage of pupils 
who  
demonstrate this error  
3.6 17.9 10.7 7.1 21.4 0 0 0 3.6 
 
Category of error  A1 A2 A3 A4 A5 
Number of pupils who  
demonstrate this  error 
5 1 0 0 0 
Percentage of pupils who  
demonstrate this error  
17.9 3.6 0 0 0 
Table 9.12  Analysis of Misconceptions USA  School E Class 1 (Grade 7) 
 
 
Figure 9.24  Barchart showing pupil misconceptions in USA school E 
class 1  worksheet 1 (non-calculator) 
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School E Class 2 (grade 8)     n = 27  Worksheet 1 
Category of error  M1 M2 M3 M4 M5 M6 M7 M8 M9 
Number of pupils who  
demonstrate this  error 
6 3 1 3 0 1 0 9 0 
Percentage of pupils 
who  
demonstrate this error  
22.2 11.1 3.7 11.1 0 3.7 0 33.3 0 
 
Category of error  C1 C2 C3 C4 C5 C6 C7 C8 C9 
Number of pupils who  
demonstrate this  error 
6 1 0 0 11 0 0 0 0 
Percentage of pupils 
who  
demonstrate this error  
22.2 3.7 0 0 40.7 0 0 0 0 
 
Category of error  A1 A2 A3 A4 A5 
Number of pupils who  
demonstrate this  error 
3 1 1 0 0 
Percentage of pupils who  
demonstrate this error  
11.1 3.7 3.7 0 0 
Table 9.13  Analysis of Misconceptions USA  School E Class 2 (Grade 8) 
 
 
Figure 9.25  Barchart showing pupil misconceptions in USA school E 
Class 2 worksheet 1 (non-calculator) 
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The range and frequency of misconceptions observed in the work of the 
pupils in both classes in School E in the USA was similar to those observed 
in the UK, with all the order of operations misconceptions being observed.  
The left-to-right misconception was demonstrated by 4 pupils (14%) in 
Class 1 and 6 pupils (22%) in Class 2.  
 
Like the pupils in the UK, many pupils in School E wrote a mnemonic at the 
top of their worksheet, and these pupils did not tend to work from left to 
right.  However, unlike the pupils in the UK, the American pupils appeared 
to be confident about the fact that the letter E in the mnemonic stood for 
“Exponent”.  This is evidenced, for example, in the jotting of Pupil 14 
shown in figure 9.26, and the fact that this pupil correctly calculated the 
indices in the correct order in all the questions that required this.  
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School E Class 2 Pupil 13 worksheet 1 question 1 
 
School E Class 1 Pupil 3 worksheet 1 question 1 
 
 School E Class 1 Pupil 14 worksheet 1  
Figure 9.26  Examples showing PEMDAS written on their work by  
pupils in the USA 
 
Some pupils did not write PEMDAS but had a method of annotating their 
calculations by circling or using symbols to show the order of the 
calculation, and some combined this approach with writing PEMDAS.  This 
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method often proved successful even with the more complex calculations, as 
demonstrated in figure 9.27:  
 
School E Class 1 Pupil 1 worksheet 1 questions 8, 9 and 10 
 
School E Class 1 Pupil 8 worksheet 1 questions 1, 2 and 3 
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School E Class 1 Pupil 10 worksheet 1 questions 1 - 5 
 
School E Class 1 Pupil 16 worksheet 2 question 1 
 
School E Class 1 Pupil 18 worksheet 2 question 1  
Figure 9.27 Examples of pupils in the US trying to use PEMDAS 
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Some, but not all, of the pupils in the USA used the dot notation for 
multiplication. Most used a division sign but a small number of pupils were 
not able to recognise a fraction as a division.  This can be seen in the work 
of Pupil 8 shown in figure 9.24 who uses the dot notation and division sign 
successfully in questions 1 and 2, but who seems unable to proceed with 
question 3 which includes fraction notation, and does not write an answer in 
the answer box. 
9.2.5  Comparison of the pupils’ work and the misconceptions observed 
Of the 22 distinct misconceptions and errors that had been observed and 
categorised, excluding the calculator errors, the work of the pupils in the 
four schools in the UK contained 21 of these. The work of the pupils in the 
classes in the US contained 16 of the 22 categories of error, whilst in the 
work of the pupils in the Dutch class only 8 of these were observed and with 
the Japanese class of pupils 9 distinct errors were observed.  It can therefore 
be seen that the pupils in the classes in the UK demonstrated the greatest 
range and variety of errors and that the pupils in the classes in Japan and the 
Netherlands demonstrated the least.  The US pupils demonstrated a 
considerably greater range of errors than the pupils in Japan and the 
Netherlands, but less than the pupils in the UK.   The frequencies of 
occurrence of misconceptions were highest in the classes in the UK; for 
example the percentages of pupils exhibiting misconception M1 (left-to-
right thinking) varied from 24% to 77% in the UK classes, whereas the 
corresponding percentages for the other countries were 3% in Japan, 9% in 
the Netherlands and 18% in the US.  The corresponding percentages of 
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occurrence of each of the categorised errors are summarised in table 9.14. 
The percentages are given from worksheet 1, which is the worksheet that 
was taken and analysed for all pupils in the study, and in the cases of the 
UK and the US the percentages are the mean of the classes. 
 
Category of 
error 
Percentage of pupils demonstrating this error 
Japan UK Netherlands US 
M1 3.0 54.1 9.1 18.2 
M2 18.1 5.7 0 9.1 
M3 0 32.5 0 3.6 
M4 3.0 6.5 0 9.1 
M5 6.1 0 0 1.8 
M6 0 8.0 0 9.0 
M7 0 1.5 0 0 
M8 0 5.9 18.2 27.4 
C1 3.0 17.9 18.2 12.9 
C2 0 33.2 9.1 10.8 
C3 0 7.4 9.1 5.4 
C4 0 0 0 3.6 
C5 0 40.3 9.1 31.1 
C6 0 0 0 0 
C7 0 3.5 4.5 0 
C8 0 0.9 0 0 
C9 0 0 0 1.8 
A1 3.0 2.5 0 14.5 
A2 21.2 8.2 13.6 3.6 
A3 6.1 0 0 1.9 
A4 0 1.5 0 0 
A5 0 2.6 0 0 
Table 9.14 Comparison of percentages of pupils demonstrating each 
error 
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Another key feature of the pupils’ work across the samples of classes  was 
their use of mathematical notation. The Dutch pupils consistently used a dot  
•  to represent a multiplication and a ratio symbol :  to represent a division. 
Their workings were characterised by an algebraic approach, such as 
multiplying out brackets when evaluating an arithmetic expression.  The 
Japanese pupils used multiplication signs and used fractions for division, 
and, like the Dutch pupils, they used algebraic ways of working. 
 
The pupils in the US also sometimes used a dot for a division but not 
consistently; they were also inconsistent about their use of notation for 
division; some used a division sign and others used fraction notation.  Their 
working focused on arithmetic rules rather than taking an algebraic 
approach. The pupils in the UK used multiplication signs and division signs, 
and some but not all were able to recognise a fraction as a division. Their 
ways of working, like the US pupils, were characterised by the use of rules 
for arithmetic, and their use of notation tended to be inconsistent. Even 
when they achieved the correct answer to a calculation, many pupils in the 
classes in the UK tended to write statements that were not mathematically 
correct, such as    2 + 4 = 6 × 3 = 18  (question 4 on worksheet 1).  This was 
observed more frequently with the UK pupils than with those in any of the 
other countries. 
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9.3  The teacher interviews 
The purpose of the teacher interviews was to discuss the ways in which the 
order of operations was introduced and consolidated, to find out about the 
types of teaching and learning methods that the teachers used, to discuss the 
types of resources that they had used and to look into the ways in which the 
links between  arithmetic operations and algebraic operations may or may 
not be made at this stage in their schemes of work.  
 
9.3.1  Interview with three Japanese teachers 
Although I was unable to interview the class teacher of the Japanese pupils 
who participated in the pilot study, I did have the opportunity to have a 
discussion with three teachers from Japan who were visiting the University 
of Plymouth. I was able to show them the worksheets of the Japanese pupils 
and discuss these with the three teachers, along with a discussion relating to 
the Japanese mathematics curriculum and how this topic might be taught in 
Japan.  
 
The first important point that was made by the Japanese teachers related to 
the age at which the pupils would have first been taught this concept, which 
is by grade 4 (age 9 – 10 years). By this age pupils will be performing 
calculations involving all four operations including the use of brackets.  By 
grade 7 (12 – 13 years) they would be using indices in their calculations.  
 
One highly significant factor that the teachers identified is the strong 
emphasis that is placed in Japan upon learning algebra alongside arithmetic.  
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This is emphasised throughout the mathematics curriculum (JSME, 2000) 
from grade 4 onwards.  As a result, the concept of order of operations is not 
contained within the content for section A “Numbers and Calculations” but 
within section D “Mathematical Relations” where the objective is given as 
follows: 
 
‘Children should express quantitative relations clearly in the formula 
and should be able to read them.  
(a) To understand expressions that mix together brackets and the 
four fundamental rules of mathematics, and calculate them 
correctly. 
(b) To understand formulas, and to use them’.           
 (JSME, 2000, p. 14) 
 
Thus the curriculum emphasises the inherent link between arithmetic and 
algebra from an early age and ensures that algebra is met at the same time as 
arithmetic in this context.  
 
Another important point that was made by the Japanese teachers was the 
way in which the Japanese curriculum encourages teachers to introduce 
arithmetic and algebra in a practical and meaningful context.  To illustrate 
how they might use introduce work on the order of operations they gave an 
example involving shopping for sweets:  
 
 ‘If a boy buys 4 sweets which cost 90 yen each, how much change will he 
have from 500 yen?”  
 
This would then lead to the calculation    
 500 – 90 × 4 
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and the context of the situation would ensure that the pupils understood that 
the multiplication would have to be carried out before the subtraction. 
 
A similar example they said they might use would be 
 
‘If a girl buys 4 cakes which cost 120 yen each and 3 cakes which 
cost 150 yen each, how much money does she spend altogether?’ 
 
 
Leading to the calculation   
120 × 4 + 150 × 3  
 
and again, they argued that the context would make it clear that the 
multiplications need to be done before the addition.  
 
Appendix C gives some examples of a Japanese textbook used in grade 4.  
The example in question 1 on page 14 illustrates a similar example in a cake 
shop, in which the use of brackets is explained in order to demonstrate the 
structure of the calculation   
500 – (180 +90) 
 
in the context of calculating change. 
 
The feelings of the Japanese teachers were that if a calculation was met in 
context then the order of operations would be logical and clearly understood 
by the pupils. They all agreed that mnemonics are never used.  
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9.3.2  Interviews with the class teachers in the UK  
9.3.2.1 Class Teacher from School A  
This teacher was an experienced, specialist mathematics teacher who had 
taught mathematics in a number of different secondary schools.  She 
explained that in School A there was a departmental scheme of work which 
ensured that all the teachers in the mathematics department were teaching 
topics in the same sequence, and that they would all be teaching the same 
topics at about the same time. A series of set textbooks was used and all the 
pupils had been issued with a copy of the textbook that was relevant to their 
level of study.  Although the scheme of work was referenced to this 
textbook, the teacher explained that everyone in the department had the 
flexibility to use any resources that they wanted to, and that they were not 
required to use the textbook if they preferred to use their own resources. She 
explained that in practice she made some use of the textbook and 
supplemented this with a variety of ideas and resources of her own, and that 
this was typical of the practice of all the mathematics teachers in the school.  
She did not have an Interactive Whiteboard in her classroom.  
 
When asked about how she teaches the order of operations, this teacher 
described how she had introduced the topic through an investigation. When 
the class were in the previous year she had introduced them to the “Four 
Fours” investigation, in which the pupils were challenged to produce all the 
numbers between 1 and 10 (initially) by using four fours and any 
mathematical symbols.  In the current year she re-visited this investigation 
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and extended it to include numbers between 1 and 50, and finally all the 
numbers up to 100.  This investigation was worked on by the pupils partly 
in class and partly for homework. By discussing the pupils’ calculations she 
was able to encourage the pupils to talk about the use of brackets and the 
ways in which they could write their calculations using correct 
mathematical notation.  She talked about ‘writing correct mathematical 
sentences’ and described how she would use hand gestures to indicate the 
presence of brackets, and vocabulary such as ‘and then’ to emphasise the 
order of the operations.  She explained  ‘ I want them to write the 
calculations correctly, with correct use of the equals sign’ and she described 
how she consistently focussed on this throughout her teaching, in order to 
ensure that the pupils learned how to write mathematical statements  
correctly and unambiguously. 
 
This teacher said that she did not initially talk about BODMAS or BIDMAS 
but that some pupils remembered meeting these mnemonics before, some in 
primary school, and that when they asked about it she explained what they 
were intended to mean. She did not actively encourage the pupils to use 
them but did not try to discourage them if they wanted to use the 
mnemonics to help them to remember the correct order.  She did encourage 
them to put brackets in to emphasise the order, even if they were not 
explicitly needed, so for example she would encourage the pupils to write      
 2 + (3 × 4) + 5  = 19     and    10 – (2 × 3) = 4  with brackets included.  She 
referred to these as ‘hidden brackets’ and always put the brackets in when 
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working with the class on the board or in individuals’ books.   Similarly in a 
calculation such as 4 × 3² she would write this as 4 × (3²). 
 
In order to practise and consolidate these ideas this teacher explained how 
she used games and puzzles, including calculator puzzles which involved 
using scientific calculators with brackets.  One example of the puzzles she 
used was to ask the pupils to write down the digits  
 
1    2    3     4     5     6     7     8     9 
 
and then challenge the pupils to insert any mathematical symbols and 
brackets in order to achieve an answer as close as possible to 100.   
Pupils could work together in groups. She would then discuss their methods 
and write the keystrokes on the board before writing the calculation in 
correct mathematical notation, focussing on the order and the use of 
brackets. 
 
She used the calculator puzzles as a way of promoting discussion and to 
help focus on the parts of the calculations that ‘belong together’.    
 
When asked about the use of textbooks and published resources this teacher 
explained that  ‘I don’t always teach in the same way as in the books’ and 
that she preferred to use her own resources and ideas in order to promote 
discussion, so that the ideas and concepts  ‘come from the pupil’. 
 
To sum up, this teacher had led these pupils to learn about the conventions 
for the order of operations by investigation, discovery and discussion.   
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9.3.2.2 Class Teacher from School B 
This teacher was also an experienced specialist mathematics teacher who 
has taught mathematics in a number of secondary schools and had been a 
Head of Mathematics. She explained that there was a departmental scheme 
of work that all the mathematics teaching staff were expected to follow, but 
that this did not specify any particular resources to be used and that she 
made use of a variety of resources of her own choice.  Many teaching and 
learning resources were available in the school and a mathematics 
technician was available to assist staff in the preparation of any teaching and 
learning materials that they wished to produce. She had her own classroom 
with an Interactive Whiteboard which she used regularly, and frequently 
used resources from the internet. 
 
When asked about teaching the order of operations, this teacher explained 
that she introduced this topic by means of a calculator investigation as a 
lesson starter.  She gave the pupils a few calculations and asked them to use 
their calculators to work out the answers.  
  
A typical calculation that she would have used would be 2 + 3 × 4 
 
Some pupils had basic calculators which work on a left-to-right basis (LTR) 
and would give the answer 20. Some pupils had scientific calculators which 
would calculate multiplications and divisions first (MDF) and give the 
answer 14. 
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The teacher then discussed the pupils’ different answers and asked them to 
think about what the calculators were calculating. She asked some key 
questions:  ‘Why were some answers different?’ ‘Can we have two different 
answers to a calculation?’  ‘Which answer is correct?’ ‘How do we 
decide?’  
 
The teacher used the discussion to establish the need for a ‘rule’ or 
‘convention’ and explained that we always perform calculations in a 
particular order. She asked them to write some calculations of their own and 
to predict the answers that the calculator would give them.  
 
She explained that she had treated this as an arithmetic exercise, but 
encouraged the pupils to write their calculations using a fraction as a 
division, in a step towards algebraic notation.  She focussed on writing 
mathematical “sentences” correctly, with correct use of the equals sign.  She 
saw algebraic notation as the next step, and said that she moved on to the 
idea of introducing algebraic variables and substituting numbers for letters 
once the pupils had demonstrated an understanding of arithmetic 
conventions.  
 
This teacher did not tell her pupils to use BODMAS or BIDMAS to 
remember the order, but she acknowledged that some pupils had heard of 
this already and asked her about it. She then explained what it referred to 
and wrote the letters for BIDMAS vertically on the board, so that she could 
write in the appropriate operation: 
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Brackets 
Indices 
Division 
Multiplication 
Addition 
Subtraction 
 
This teacher did not use textbooks or published resources but produced her 
own activities in order to lead up to the type of discussion that she wanted 
the pupils to have.  
 
To sum up, this teacher had used an investigative approach to challenge her 
pupils to discover the need for a convention, and she had utilised calculators 
as a way of promoting this discovery.  She had made extensive use of 
discussion in order to lead the pupils to appreciate the need for a 
convention. She saw the arithmetic understanding as a prerequisite for the 
introduction of algebra.  
 
9.3.2.3 Class Teacher from School C  
This teacher was an experienced specialist mathematics teacher who had the 
role of Assistant Head of Mathematics within the school, with particular 
responsibility for the development of the Key Stage 3 mathematics 
curriculum within the school. The mathematics department had a scheme of 
work, developed by this teacher, and which all the mathematics staff were 
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required to follow. Each mathematics class had a set of textbooks available 
in the classroom, but the textbooks were not issued to the pupils and there 
was no requirement for these to be used if the teachers wished to make use 
of other resources. This teacher explained that she sometimes set exercises 
from the textbooks but that she often made use of other resources such as 
worksheets and games, and often used resources straight from the internet, 
particularly for starter activities.  
 
When asked about how she had taught the class about the order of 
operations, she said that she had started with an activity that involved her 
showing the class some calculations on the board.  The calculations did not 
contain brackets.  Some example of the types of calculations that she used 
would be: 
   3 + 5 × 6 – 4  
   10 – 28 ÷ 7 
   5 + 3²  ×  2  
She then separated the pupils into two groups, one group working without 
calculators and the other group working with calculators, including both 
basic and scientific calculators in order to try and work out the answers to 
the calculations, working in pairs. She explained that ‘some pupils 
remembered doing some work on this in Primary school – some of them had 
been taught to use MY DEAR AUNT SALLY, but many of them did not 
remember this, and none of them had come across working with indices in 
this type of calculation before’ . She encouraged the pupils to discuss the 
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work in their pairs, and to try and agree upon what they thought was the 
correct answer.  
 
When the pupils had had enough time to agree upon answers to the 
calculations, the teacher then initiated a whole-class discussion about the 
answers that they had obtained, and talked about how they had gone about 
working them out, some with and some without a calculator.  She picked out 
some pupils who said they had typed the calculations directly into their 
calculator in left-to-right order, and asked them to think about the order in 
which the calculator had performed the operations. This differed according 
to whether they were working with a basic or scientific calculator. She then 
compared these answers to those that had been obtained by the pupils 
working without calculators, and continued to discuss the order in which the 
operations had been performed.  She said that ‘I try to get the children to 
realise that we have to have a rule to stick to, to make sure that everyone 
gets the same answer. That there can only be one right answer.  We talk 
about the way that scientific calculators are programmed to follow this rule, 
so that you will always get the correct answer if you type your calculation 
into a scientific calculator. I try to get them to come up with the rules 
themselves.’  
 
Once the teacher was happy that the pupils had established the correct rules 
she then introduced some calculations containing brackets, and  discussed 
with the whole class what they thought the brackets meant. She encouraged 
them to investigate with the brackets keys on the scientific calculators.  She 
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then gave the pupils worksheets with some calculations to work on in pairs, 
to consolidate their understanding of the rules for the correct answer. She set 
them a few of the calculations from the worksheet given in appendix B but 
did not set all of them as there are very many calculations on the worksheet.  
After some time working on these she stopped and asked some of the pupils 
to give their answers, again taking time to talk about the correct order.  
 
At this stage she introduced BIDMAS as a way of remembering the correct 
order of operations.  She said that ‘I used to use BODMAS but I use 
BIDMAS now as it makes more sense and the children find it easier to 
remember what the I stands for.’ 
 
The lesson was concluded with an activity in the form of a game: Four-in-a-
line BIDMAS (Appendix B). This involved pupils playing in pairs, 
throwing three dice and using the three numbers, and any operations, 
including brackets, to obtain an answer that was on the grid, and cover it 
with a counter. The aim of the game was to get four counters in a line, and 
the first person to do this was the winner.  
 
The teacher said that she then gave the pupils some further questions for 
homework, but these took the form of puzzles, in which the pupils had to fill 
in the gaps in some calculations. These would have been similar to those 
shown on the worksheet BIDMAS Boxes in Appendix B but only a few of 
those on the worksheet would be set for homework.  
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When this teacher was asked about when she introduced the idea of 
operations in algebra, she explained that this was done later in the year, 
when the pupils had been given the time and opportunities to consolidate 
their understanding of number operations. This was established in the 
scheme of work that was used in the school, and in line with the material in 
the National Curriculum Framework. She felt that ‘they need to be confident 
with the number work before they move on to algebra.’ 
 
9.3.3 Interview with the class teacher in the Netherlands 
This teacher said that she had introduced the concept of order of operations 
in the first semester of the first grade (equivalent to year 8 in the UK).  She 
described how she linked this with algebra and gave an example of a 
resource that she had used called “Algebra Arrows”  (see Appendix D ). 
This required the pupils to make “arrow chains” using input/output 
machines, and gave the option of the input being either a number or an 
algebraic variable.  Thus the pupils were led to see the equivalence of the 
arithmetic structure and the algebraic structure.  
 
When asked whether she used mnemonics in her teaching the teacher 
responded: 
‘No!  At primary school some children still learn a wrong mnemonic 
(Meneer Van Dalen Wacht Op Antwoord), but that’s wrong 
nowadays and therefore old-school’. 
 
‘I always write down on the whiteboard’: 
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From left to right: 
1. Erase curved brackets 
2. Raise to a power  
3. Multiply and divide 
4. Add and subtract 
 
She went on to explain that as well as linking the arithmetic to algebra 
within this topic she also used ‘story questions’ which would enable the 
pupils to produce answers to calculations which were presented in a context.  
This is consistent with the Dutch approach to teaching mathematics,  
‘Realistic Mathematics Education’  (RME),  which was  described and 
discussed in section 9.1.2.2. 
 
9.3.4 Interviews with teachers from New York State  
It was not possible to interview the class teachers of the two classes that 
participated in the study but interviews were held with two mathematics 
educators from New York in order to discuss the state curriculum, the 
teaching methods that are encouraged and the types of resources that are 
used.  
 
Teacher 1 is a mathematics teacher currently working in a public middle 
school. Teacher 2 is a lecturer in mathematics education at New York 
University. Both were asked about how and when the order of arithmetic 
operations was addressed in the state curriculum, about the way in which 
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they would teach it in grade 7, the resources that they would use and about 
the teaching methods that were generally encouraged within the state. 
 
9.3.4.1 Teacher 1 New York State    
Teacher 1 had a detailed lesson plan, some of which is given in Appendix F. 
He described how he would start his lesson by giving the pupils a 
calculation to do, for example 
 
3 + 4 • 5 
 
After giving the pupils some time to calculate this he would then discuss 
their answers, anticipating that some would obtain the answer 35 and others 
would obtain the answer 23 and promoting a discussion about why there 
seemed to be two different answers. He would then establish the need for a 
convention, explain the order in which calculations are conventionally 
calculated, and introduce the rules for the order of operations. At this point 
he would also introduce two mnemonics for remembering these rules: 
Parentheses ( )    Please   
 
Exponents    Excuse 
 
Multiplication    My 
Division    Dear 
(from left 
  to right) 
 
Addition    Aunt 
Subtraction    Sally 
(from left 
  to right) 
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or         
 
PEMDAS 
 
He described how he would present this as a checklist, with tick boxes to 
enable the pupils to track through the calculation: 
 
P 
E 
M 
D     
 
A      
S 
 
He would then provide the pupils with a variety of activities aimed at using 
this in arithmetic calculations. This might include setting them to work in 
pairs with one pupil coming up with a “wrong” calculation and the other 
pupil trying to “spot the mistake”.  He encouraged the use of scientific 
calculators at this stage, asking the pupils to do the calculations first without 
a calculator and to then use the calculator as a “checking tool”. 
 
He explained that the use of multiplication signs and division signs is 
discouraged beyond elementary school, using a dot for multiplication and a 
fraction for division, as this promotes a feel for algebraic structure.   
 
9.3.4.2  Teacher 2 New York State 
This teacher described how she would start the lesson using an activity she 
described as “name the number” in which the pupils were asked to produce 
strings of calculations using a set number in order to produce a target 
From left to right 
From left to right 
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answer. Figure 9.28 shows an example of a pupil’s work on this activity in 
which they have been asked to find ways of using twelve threes. This is a 
very similar activity to the “four fours” described by the teacher in UK 
School A.  
 
Figure 9.28  Example of a pupil’s work in New York State on the 
“Name the Number” activity 
 
 
It is interesting to note from the work shown in Figure 9.25 that this pupil 
has mainly used fractions as divisions, producing correct answers, but on the 
ninth calculation uses division signs, getting the answers incorrect since the 
order of operations has not been applied correctly. This would suggest that 
the use of fractions as divisions gives the pupil an intuitive logical feel for 
the correct order of operations.    
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This teacher explained that she would then discuss the need for a “correct” 
order in which to carry out calculations and introduce it with the idea that 
we do the most complex calculations first, with powers being the most 
complex, then multiplication and division, and then addition and 
subtraction,  which she saw as the most simple. Parentheses could then be 
used if this order needed to be changed.  She would refer to the mnemonic 
PEMDAS if pupils had met it before, which was often the case, but she did 
not put this forward unless asked.  
 
When asked about the use of calculators this teacher explained that ‘I 
encourage the pupils to use them to check their answers, and to appreciate 
that there can only be one correct answer to a calculation’. She would set 
the pupils various puzzle-based activities, one example, “bowl-a-fact” being 
given in Appendix E, allowing them to use calculators if they wished.  She 
did however explain that the state assessment papers include some non-
calculator papers and that the use of calculators was not encouraged in 
activities that were seen as being non-calculator work, and that ‘calculator 
skills may not be so good’.  
 
9.3.5 Comparisons and key findings from the teacher interviews 
The teachers in the UK and the US have described very similar teaching 
approaches; all had made use of investigations and puzzles to introduce the 
concept of order of operations and all had encouraged the use of a calculator 
as a tool for investigating the ‘rules’.   They had all described a rule-based 
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approach to the concept, emphasising that some sort of rule needs to be 
accepted and remembered. Sometimes this involved reference to BIDMAS, 
BODMAS or PEMDAS, and even when the teacher had not mentioned this 
themselves they discovered that many pupils had come across it already, 
and continued to want to use it. This emphasises the fact that a pupil’s ways 
of working and attitude to mathematics will have been influenced by a 
number of teachers, including primary teachers and will not simply depend 
upon the attitudes and teaching methods of any one teacher. The UK and US 
teachers all utilised exercises in textbooks which encouraged the ability to 
perform numerical calculations out of context, such as the examples given 
in Appendices B and E. In contrast, the Japanese and Dutch teachers 
described a more contextual approach, emphasising structural understanding 
rather than learning rules, and that mnemonics were never used.  The 
Japanese teachers did not use calculators at all, whilst the Dutch teacher 
emphasised the use of a particular piece of computer software to enhance 
the understanding of structure rather than taking a calculator-based 
approach. The tasks they set their pupils were based in context.  
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9.4  Summary  
In this chapter the four countries involved in the study have been discussed 
and compared in terms of their curricula, the analysis and observations of 
pupils’ work collected in the study, and the interviews with the teachers 
from each country involved in the study.  In making comparisons it has 
emerged that there are many similarities between Japan and the Netherlands, 
and in contrast there are also similarities between the UK and the US.  The 
key findings are summarised in table 9.15: 
 
Curriculum Teaching methods 
Pupils’ work 
observed 
UK Learning objectives 
defined discretely in 
separate curriculum 
areas. 
 
Algebra defined as 
generalised arithmetic 
and introduced after 
arithmetic in secondary 
school (age 12). 
 
Guidance given in 
terms of lesson 
structure with emphasis 
on “three part lesson” 
but schemes of work 
developed by 
individual schools.  
Classes usually but 
not always grouped 
by ability. 
 
Textbooks sometimes 
used but usually not 
as a main resource. 
Schools and 
individual teachers 
decide on teaching 
resources. 
 
Lessons are usually 
based on a discrete 
topic.  
 
Puzzles, games and 
investigations often 
used as a teaching 
strategy.  
Use of calculators 
encouraged. 
Evidence of a wide 
range and frequency 
of misconceptions. 
 
Inconsistent use of 
mathematical  
notation.  
 
Pupils use a variety 
of methods; some 
evidence that 
working with a 
calculator can help 
investigate different 
approaches. 
 
Evidence of rule-
based thinking. 
US Curriculum defined in 
terms of discrete 
standards within 
separate curriculum 
areas, with testing at 
the end of each grade. 
Algebra defined as 
generalised arithmetic 
Classes are grouped 
by ability. 
Textbooks often used 
alongside teaching 
resources produced 
by individual 
teachers. 
 
Evidence of a 
moderate range and 
frequency of 
misconceptions. 
Inconsistent use of 
mathematical  
notation.  
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and introduced after 
arithmetic in middle 
school (age 12).  
 
School districts decide 
on schemes of work. 
 Pupils use similar 
approaches; some 
evidence that they 
work better without a 
calculator. 
Evidence of rule-
based thinking. 
Japan Focused on developing 
mathematical thinking, 
with explicit links 
between topics. 
 
Algebra introduced 
from age 6 and taught 
alongside arithmetic. 
 
Focus on context, real-
life applications and 
enjoyment of 
mathematics as a 
human activity. 
 
Strong emphasis placed 
on staff development, 
with time given to this.  
Mixed-ability classes 
 
All teachers use the 
same set textbooks 
and work 
collaboratively in 
planning and 
evaluating lessons. 
 
Calculators used 
rarely or not at all 
Strong emphasis on 
the use of correct 
mathematical 
notation. 
Evidence of a low 
range and frequency 
of misconceptions. 
 
Consistent use of 
correct mathematical 
notation. 
 
Pupils use consistent 
approaches.  
 
Evidence of algebraic 
thinking to inform 
arithmetic work. 
Netherlands Based upon the 
principles of RME with 
the emphasis on 
contextual problem 
solving and 
mathematics as a social 
activity. 
 
Core goals are defined, 
with an emphasis on 
linking the different 
mathematical concepts 
within problem-solving 
situations. 
Pupils taught in 
ability groups. 
 
Textbooks used and 
seen as an important 
tool in terms of 
content and teaching 
methods, but no one 
set text.  
 
Algebra introduced in 
secondary school and 
taught alongside 
arithmetic with an 
emphasis on structure 
and context. 
 
Calculators used 
“with insight” 
Evidence of a low 
range and frequency 
of misconceptions. 
 
Fairly consistent use 
of correct 
mathematical 
notation. 
 
Pupils generally use 
consistent 
approaches. 
 
Some evidence of 
algebraic thinking to 
inform arithmetic 
work. 
 
Table 9.15 Summary of comparisons between the countries involved in 
the study 
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CHAPTER 10: CONCLUSIONS AND IMPLICATIONS FOR 
TEACHING AND LEARNING  
 
10.0  Introduction 
This chapter summarises the findings of this research project and considers 
how they could have implications for the teaching and learning of arithmetic 
and early algebra.  In the first section the research questions are reviewed 
and discussed, with consideration given to the extent to which it has been 
possible to address and answer them.  In the second section this research is 
considered in the wider context and linked to the findings of earlier studies.  
In section 3 the findings are summarised in terms of the international 
comparisons that have been made and the implications that the findings 
could have for teaching and learning, with regard to curricula, teaching 
strategies and teaching and learning resources.  The fourth section looks at 
the limitations of this research project, and the final section considers 
suggestions for further research. 
 
10.1   Addressing the research questions and implications from the 
research 
The research questions that were initially posed have resulted in some 
interesting and thought-provoking ideas and conclusions, which will be 
investigated in this section.  
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10.1.1 What misconceptions do children display when using the 
principles of order of operations in calculations? 
In chapter 7 the misconceptions that were observed in the study have been 
described and discussed, with reference to the pupils’ written work and their 
calculator keystrokes which were observed by utilising the Key Recorder 
software.  In all, 27 distinct types of error were observed, some of which 
could be regarded as misconceptions. From the pupil interviews, described 
in chapter 8, some themes emerged with regard to the misconceptions that 
had been observed with the sample of pupils in classes in the UK.  These 
pointed to a prevalence of left-to-right thinking, difficulties with recognising 
a fraction as a division, difficulties with negative numbers and problems 
associated with working with calculators, and these difficulties  appeared to 
be associated with rule-based methods of learning. 
 
 
 
10.1.2  How can these misconceptions be classified? 
As the study progressed and the pupils’ work was analysed it emerged that 
the misconceptions and errors that the pupils had made seemed to fall into 
four distinct categories: 
 
 Misconceptions about the order of operations 
 Misconceptions with algebraic and notational conventions 
 Arithmetic errors 
 Calculator errors  
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The first two categories contained what could be described as 
misconceptions, whilst the last two categories consisted of those, which 
were either careless mistakes, or, in the case of some of the calculator 
questions, an inability to identify the appropriate calculator function.  
Although it was clearly the first two categories which were of main interest 
within this study, all the incorrect answers were categorised where possible, 
for completeness. It was therefore decided to code each incorrect answer 
within one of these four categories, and a list of codes emerged. These have 
been described in section 7.1.1 and summarised in section 7.1.2. 
 
 
10.1.3 How might these misconceptions depend upon the teaching 
methods employed? 
The summary in section 9.5 of chapter 9 points to the fact that there are key 
similarities between the teaching methods employed in Japan and the 
Netherlands, with corresponding similarities in the work of the samples of 
pupils from these countries.  One highly significant common theme is the 
teaching of mathematics, including arithmetic, in context. This underpins 
the mathematics curriculum in both Japan and the Netherlands and is a key 
aspect of all mathematics lessons. Also common to both countries is the fact 
that the correct use of mathematical language and notation is encouraged 
and developed from an early age, and that when algebra is introduced it is 
done so alongside arithmetic and not regarded as a “jump” or transition 
from the study of arithmetic. Another key similarity is that the use of 
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textbooks is regarded as highly important in guiding both the content and 
teaching methods, and that the textbooks in each country are underpinned 
by a consistent philosophy. In Japan the textbooks are set and used in every 
school; in the Netherlands there is a wider range of textbooks for schools to 
choose from but all are based upon the principles of RME, giving them a 
consistent approach.  Hence there is a significant degree of consistency 
across schools and from teacher to teacher. Another significant similarity is 
the view of mathematics as a social activity, with a focus on problem 
solving and the development of mathematical thinking. 
 
The work of the pupils in the classes in  the Netherlands and Japan 
displayed some striking similarities; in both classes the pupils displayed a 
small range and frequency of misconceptions, and the errors that were 
observed were more often categorised as mistakes than misconceptions.  
Their work was very consistent in terms of the symbols and notation used, 
and generally showed correct use of mathematical notation. In addition to 
this, there was evidence from pupils in both classes of algebraic thinking, 
even when the calculations were purely arithmetic.  
 
The comparisons in chapter 9 also point to key similarities between the 
teaching methods employed in the UK and the US.  The curricula in each of 
these countries are underpinned by a set of detailed and discrete objectives 
or standards, grouped under topic areas and leading to assessments which 
are objective-led. This can encourage teaching approaches which tend to 
focus on addressing one objective at a time and which can tend to feature 
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isolated tasks. This is consistent with the findings of Jones (1997), which 
were discussed in section 9.1.1 and summarised in table 9.1.  The approach 
to the introduction of algebra is also very similar in the UK and the US, 
being underpinned by the view of algebra as generalised arithmetic, and 
with curricula that focus first on the development of arithmetic skills and 
which then make ‘a transition from arithmetic to algebra’ (National 
Research Council, 2001, p 419) at about the age of 12.  
 
Another similarity between the teaching methods observed by talking to the 
sample of teachers in the UK and the US is the use of “rules”. In this study 
the rules took the form of mnenomics such as BODMAS, BIDMAS and 
PEMDAS, but there are many other cases, common to both the UK and the 
US, of concepts in mathematics being “remembered” such as SOH CAH 
TOA for the trigonometric ratios within a right-angled triangle, the use of 
“CAST” to remember which of the trigonometric ratios is positive in each 
quadrant of the unit circle, and the “eyebrows and smile” approach to 
multiplying brackets, that was described in section 1.2.1.                                                                                        
 
               
The work of the pupils in the classes in the UK and the US also displayed 
significant similarities; the range and frequency of misconceptions that were 
observed with these pupils were much higher than in the work of the pupils 
in the Dutch and Japanese classes , and the pupils in the classes in  the UK 
and the US were much less consistent in their use of mathematical notation 
and more prone to writing incorrect mathematical statements.  
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The findings of this study would therefore suggest that there could be  key 
aspects of mathematics teaching methods in both Japan and the Netherlands 
which may have led to the pupils in the classes in this study  developing a 
deeper understanding of the concepts underlying arithmetic and algebraic 
thinking without relying upon memorising rules, and therefore leading to the 
pupils displaying fewer misconceptions.  The findings also suggest that 
there are aspects of mathematics teaching in both the UK and the US that 
may have led to the pupils in the classes observed having a less developed 
“feel” for the algebraic logic which can underpin arithmetic thinking and 
working, and to place a considerable reliance upon the memorisation of 
rules and techniques, which may subsequently lead to the occurrence of 
more misconceptions.  
 
10.1.4 How can these misconceptions be addressed? 
The findings of this study suggest that an appreciation of algebraic structure 
is more effective than the rote learning of rules, and therefore if 
misconceptions are observed it seems that an effective teaching strategy is 
to focus on structure, pattern and the development of an appreciation of 
algebraic notation.  Recent research findings, discussed in section 2.2,  
suggest that this is most effective when met in a problem-solving context. 
Vorderman et al (2011) suggest that in primary school, mathematics should 
be met as often as possible when covering the rest the curriculum, in a 
variety of different contexts, and that basic number work should be 
reinforced constantly by applying it within other subjects and in many 
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different activities.  The summary of the trial of RME approaches carried 
out by the Centre for Mathematics Education at Manchester Metropolitan 
University (Dickinson and Hough,  2011)  points to ‘significant gains in 
terms of correct answers’  (p.17) within the pupils’ work and acknowledges 
that a notable feature of the work of the pupils involved with the project was 
that they were able to employ strategies that made sense to them, rather than 
focusing on manipulating numbers, which was more commonly observed in 
the control classes.  This suggests that misconceptions might be effectively 
addressed by adopting a contextual approach, and points to the most 
effective ways of teaching to prevent misconceptions in the first place, 
which will be considered in the next section.  
 
10.1.5 What teaching strategies seem to be most effective in preventing 
misconceptions?  
 
Evidence from this research study points to some significant factors in 
teaching and learning that would appear to reduce the range and frequency 
of misconceptions related to the order of arithmetic operations: 
 
 
 
 The use of context.  
It has been seen that a key aspect of mathematics teaching in both 
Japan and the Netherlands is the philosophy underpinning the 
curriculum that mathematics should be taught and learned in context. 
This does not necessarily mean that all topics in mathematics need to 
have a “real-life” or functional application, but that they should be 
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introduced and used in a realistic or problem-solving context. In 
terms of arithmetic calculations this could arise from a real-life 
situation, or from an algebraic context. For example, if a pupil is 
faced with the calculation   200 – 3 × 45 he or she will need to rely 
upon “rules” in order to perform the calculation. When relying upon 
rules, this can often result in the rules being mis-remembered or mis-
applied, and may sometimes mean that the topic was not fully 
understood in the first place.   If, however, the pupil is given the 
problem “how much change would you get from two pounds if you 
buy 3 bars of chocolate at 45p each?” the context of the question 
may lead the pupil to consider the correct order in which to carry out 
the calculations involved.  The importance of the structure of the 
arithmetic in this calculation is that it  provides an essential link in 
developing the notion of an algebraic expression, so that this 
calculation is seen as an ‘object’, ie  200 - 3×45  and not merely the 
result of two calculations or ‘processes’  3 × 45 = 135 followed by  
200 – 135 . 
 
Alternatively, if a pupil is faced with a problem that involves use of 
an algebraic expression, such as substituting values into an 
expression like a – bc ,  an appreciation of the logic of algebra can 
lead to an inherent understanding of the term bc as an object and 
therefore an appreciation of the need for it be evaluated first before 
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being subtracted from a.  This appreciation of algebraic thought and 
notation can provide the context for an arithmetic calculation.  
 
 The timing and nature of the introduction to algebra 
Another key aspect that has been observed is that the early emphasis 
on algebraic thought and on the correct and consistent use of 
algebraic notation is a consistent theme in both Japan and the 
Netherlands.  Informal algebraic notation is introduced very early in 
Japan as a natural component of the study of arithmetic and formal 
algebraic notation is introduced earlier in Japan than in any of the 
other countries in the study.  In the Netherlands formal algebraic 
notation is introduced later than this, but once it has been introduced 
there is a very consistent approach to the correct use of notation, and 
an emphasis on algebraic structure even when approaching 
arithmetic problems. This approach would appear to make the 
concept of structure more evident in arithmetic and to enable pupils 
to see the inherent structure without relying upon the memorisation 
of “rules”. 
 
 
 
 The nature and consistency of the delivery of the mathematics 
curriculum as a whole, including the use of text books 
The mathematics curricula in both Japan and the Netherlands are 
underpinned by a consistent philosophy based upon research 
evidence, with text books produced by mathematics education 
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researchers in line with the philosophy behind the curriculum. In 
both countries, ongoing staff development is regarded as a priority 
and is funded accordingly. The themes of consistency and the 
provision of high-quality classroom resources seem to be very 
effective in ensuring that  mathematics teachers are supported to 
ensure that their teaching strategies are consistent, underpinned by 
research evidence and effective in teaching to avoid and deal with 
misconceptions.  The importance of staff development in using 
resources effectively is pointed out by Dickinson and Hough (2011, 
p. 20) in the evaluation of the RME pilot study , in which it was 
noted that ‘it is essential that teachers understand the philosophy 
and are trained in the use of the materials’  and that ‘you can’t just 
pick up the books and use them; it will not be effective’. 
 
10.2  How this research supports the work of other researchers 
This thesis has drawn upon the work of many earlier studies but the 
intention is that it will support and advance the work of other researchers.  
 Research into the nature of ‘the track from arithmetic to algebra’ (Lee and 
Wheeler, 1989) and into the problems that pupils experience in early algebra 
(eg Keiran, 1989, 2007,  Slavit ,1998,  Lins and Kaput, 2004) has been 
discussed in section 2.3 and it was acknowledged by  Livneh and 
Linchevski  that  ‘what is lacking, however, is a sufficient theoretical 
definition as for what will be considered as “difficulties with numerical 
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structures’  (Livneh and Linchevski, 2007, p. 217)  and that there is a need 
for further research into ‘the underlying assumption that the understanding 
of the structural rules in arithmetic is a key for understanding the 
corresponding parts in algebra’ (Livneh and Linchevski, 2007, p. 217)  
Watson’s review of  research into children’s  algebraic reasoning (Watson, 
2009)  has been discussed in section 2.3 . Importantly she felt that ‘algebra 
is not just generalised arithmetic; there are significant differences between 
arithmetical and algebraic approaches’  (Watson, 2009, p. 11) In her 
conclusions Watson also suggested that learning rules is not always 
effective, and that pupils need to develop ‘new priorities’ (Watson, 2009, p. 
19), and my research findings support this view. 
I embarked upon this study wanting to investigate the misconceptions that 
arose when pupils worked with calculations requiring arithmetic structure 
and in doing so I came to conclusions which encompass much more than 
what might be seen as a single topic within the mathematics curriculum.  
My conclusions lend support to the recent findings of Dickinson and Hough 
(2012) in the evaluation of their project to introduce Realistic Mathematics 
Education into some schools in the UK in placing emphasis on the need for 
“purpose” in the learning of mathematics and also studies such as Fujii 
(2006) which advocate a problem-solving approach in order to foster 
algebraic thinking.  
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10.3 Implications for teaching and learning 
The findings of this study lead to some implications and recommendations 
for teaching and learning, and are in agreement with Watson (2009), who 
made recommendations that ‘require a change from a fragmented, test-
driven system that encourages an emphasis on fluent procedure followed by 
application’. 
 Context 
Calculations involving arithmetic order are most effectively 
understood by teaching them using a context  
 Resources 
Text books can be a highly effective teaching and learning resource 
when they are informed by research, and can be particularly 
effective in enabling teachers to anticipate and recognise the 
problems that the pupils are likely to encounter. The use of a well 
written text book, backed up with appropriate guidance and staff 
development, would appear to be preferable to using a mixture of 
many different worksheets and web-based resources that may not 
have been informed by research and which may be of varying 
quality.  
 Rules  
Pupils should not be encouraged to learn rules and rely upon 
memorisation;   emphasis should be given to the appreciation of 
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structure and it needs to be recognised that this takes time and 
multiple experiences in different contexts.  
 Curriculum 
An early emphasis on algebraic structure can lead to a more effective 
understanding of the structure of calculations; algebra should not 
regarded as generalised arithmetic and should be encountered and 
developed alongside arithmetic.  
10.4 Limitations of this research 
This research study took the form of a case study and therefore the 
comparisons made can only be related to the classes of pupils who 
participated in the study and are not generalisable. Nevertheless it was 
possible to make some interesting and insightful observations from the 
results of the research.  
This  study was carried out with a relatively small sample of pupils (203 
pupils including both the pilot study and the main study) .The samples were 
essentially convenience samples:  ‘The researcher simply chooses the 
sample from those to whom she has easy access’ (Cohen, et al, 2000, p. 102) 
although there was a purposive element since the researcher wanted to 
ensure that the pupils in the UK were familiar with the graphics calculators 
that were used as a research tool, and also wanted to ensure that the classes 
of pupils sampled were either of mixed attainment or middle attainment, in 
order to provide a suitable comparison.  
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The only pupils whose calculator keystrokes were recorded using the Key 
Recorder software were the pupils in the three UK schools in the main 
study. This revealed a great deal about their thinking, and proved very 
useful in informing the interviews with some of the pupils.  For practical 
reasons it was not possible to use the Key Recorder software with the pupils 
in the other countries.  Due also to practical reasons it was not possible to 
interview any of the pupils in countries other than in the UK.  
 
The teacher interviews were all very informative and insightful, but 
although I was able to interview each of the class teachers of the pupils who 
participated in the study in the UK, there were limitations to the teacher 
interviews for the other countries, due to both language issues and physical 
practicalities.  Consequently the teachers interviewed from the US and 
Japan were not the class teachers of those pupils in the study.  
 
Despite the limitations I have made comparisons and drawn some 
conclusions and  comparisons relating to this specific area of mathematics; 
these comparisons are in broadly in keeping with the findings of a number 
of other international comparisons including the Programme for 
International Student Assessment (PISA, 2009)) and the Trends in 
Mathematics and Science Study (TIMSS, 2011) , in which both the UK  and 
the US are currently performing below the mean score and both the 
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Netherlands and Japan perform significantly above the mean score. For 
example, in the PISA report for 2009 (PISA, 2009) the mean score for the 
mathematics tests was reported as 496; Japan was ranked 8
th
 with a score of 
529, the Netherlands ranked 10
th
  with a score of 526. These scores are both 
statistically significantly above the mean score.The US ranked 33
rd
 with a 
score of 492 and the UK ranked 34
th
 scoring 487 although neither of these 
scores was statistically significantly below the mean score.   This study is 
consistent with my findings that both Japan and the Netherlands are 
achieving similar high results, with both the UK and the US scoring similar 
lower results. 
It must be remembered, however, that merely by making comparisons we 
cannot conclude that it is possible to directly take on board the practices 
observed in other countries and expect them to fit in to a different cultural 
system.  It is acknowledged by Vorderman et al (2011) that whilst ‘the 
attainment of students in top performing countries presents a target that we 
should aspire to reach, however, lessons from international comparisons 
must be applied in the context of this country’ (p. 13) and it is noted that 
‘due to large cultural differences in society, home and education, we cannot 
merely import a system from one of these nations and expect it to work’ (p. 
7).  
Furthermore, the whole practice of making international comparisons based 
upon raw test results, such as those carried out within the PISA and TIMSS 
studies, must be viewed with caution. This is noted by Askew et al (2010) 
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who describe the ‘horse-race approach’ of looking at the relative rankings 
of different countries as being not particularly meaningful, partly because 
the absolute differences in scores are not that great and partly because the 
countries involved in these studies vary from year to year.  Askew also 
acknowledges, in line with Vorderman et al (2011) that it is difficult to 
‘cherry pick’ particular parts of successful systems to transfer and adopt 
elsewhere, and suggests that ‘piecemeal adoptions are not likely to succeed 
if features selected are not looked at in terms of their relationships with 
other aspects of the national culture and school system’ (Askew et al, 2010, 
p. 13). 
Furthermore, the qualities that are assessed in tests such as those used in the 
TIMMS and PISA studies does not tell the whole picture.  In the Pearson 
Report (Keilstra, 2012) it is recognised that factors such as income, school 
choice and the recruitment of good teachers all play an important part in the 
quality of educational outcomes. For example the UK ranks third(after 
China and the Netherlands) in an index of “School Responsibility and 
Autonomy” (p. 29) which measures the extent to which schools are able to 
provide a variety of choice to the curriculum, and it is acknowledged that in 
this respect the US is still developing. This report also acknowledges the 
importance of “softer skills”(p.36) in which some of the most successful 
school systems, particularly in Asia, consider how best to equip students for 
a changing employment market and an uncertain future.  
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10.5 Suggestions for further research 
The process of researching for this thesis has raised some major questions 
for me, relating to the way that I have taught mathematics over the years, 
and to the guidance I now give to the trainee mathematics teachers for 
whom I have responsibility.  The first questions, most specific to this piece 
of research, are:   
 
 Should we be teaching the “order of operations” as we do in the UK 
, as a purely arithmetic topic which relies upon memorisation and 
application of “rules” of convention?  When do we ever have to 
perform a calculation such as  
2 + 3 × 4 + 5 in “real life” ?  
 
 Should we consider how to deal more effectively with the problems 
and difficulties that pupils appear to experience with fractions? 
 
 Should we consider how to deal more effectively with the problems 
and difficulties that pupils appear to experience with negative 
numbers? 
 
 
 
 
 
338 
 
 
 
 
 
 
The more fundamental questions that have arisen from this are: 
 
 Should we be placing a much greater emphasis on learning 
mathematics in context? 
 
 Should the National Curriculum guidelines define algebra as 
generalised arithmetic?  
 
 Should we be placing a much greater emphasis on the development 
of algebraic thinking in primary school and on the introduction of 
formal, consistent algebraic notation at an earlier age?  
 
 Should mathematics teachers and non-specialist teachers be provided 
with much more guidance and support in terms of teaching materials 
and approaches that they should be using, in which the issues of 
dealing with pupil misconceptions are addressed thoroughly and 
effectively?   
 
These are important questions which need to be considered with a larger 
body of research evidence than currently exists and which requires 
significant international comparisons to be made, not only in terms of 
specific mathematical topics but also in terms of factors such as attitudes 
and enjoyment of mathematics which can play a significant part in overall 
mathematical achievement.  
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Appendix A 
 
Examples of learning outcomes from the Key Stage 3 Framework  
 
DCSF (2008b) p. 86 – 87   and 108 – 109  
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Appendix B  
 
Examples of classroom resources used in the UK 
 
(i) Straker, A (Ed)  (2008)  Exploring Maths Class Book 3   p. 4 – 5 
(ii) Straker, A (Ed)  (2008)  Exploring Maths Teacher’s Book 3  p. 6 
– 7 
(iii) Pledger, K (Ed) (2008)  Level Up Maths Levels 3 – 5  
      p.88 – 89   and p.146 – 147 
 
      (iv)    Pledger, K (Ed) (2008)  Level Up Maths Levels 3 – 5   
          Planning and assessment Pack   p.82 – 83 and p. 132 – 133 
 
(iv) CIMT(2007)[online] 
            
http://www.cimt.plymouth.ac.uk/projects/mepres/book8/bk8i4_4i3.htm 
 
 
(v) Ten Ticks (2012) [online] http://www.10ticks.co.uk/ 
 
      (vi) TES Resouces  BIDMAS Blaster game [online]  
               http://www.tes.co.uk/teaching-resource/Bidmas-Blaster-number-
calculating-                                                       
game-6029281/ 
 
(vi) E-Lab Order of Operations Game [online]     
      http://harcourtschool.com/activity/elab2004/index_2004.html 
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Appendix C 
 
Examples of classroom resources used in Japan 
 
(i) Gakko Tosho (2006, ‘Mathematics for Elementary School 
 Book 4’   p. 14 – 16 
(ii) Tokyo Shoseki (2008)  ‘Mathematics Book 7’   p. 49 - 55 
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Appendix D 
 
Examples of classroom resources used in the Netherlands 
 
(i) An example of RME based materials taken from 
     Dickinson and Hough (2012, p. 2)  
(ii) Wisweg   Algebra Arrows  [online] 
http://www.fi.uu.nl/wisweb/en/ 
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Appendix E 
 
Examples of classroom resources used in the US (New York State) 
 
Math Solutions (2009) [online] 
http://www.mathsolutions.com/documents/Order_of_Operations_i33.pdf 
 
Holt Mathematics Course (2010) [online] 
http://my.hrw.com/math06_07/nsmedia/homework_help/msm1_2010/msm1
_2010_ch01_03.html 
 
Thinkmath (2008) [online] 
http://thinkmath.edc.org/index.php/Order_of_operations 
Examples from New York State Testing Program(2010) Grade 7  p. 5 – 8  
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Appendix F  
 
The Pilot Worksheets  
 
(i) English version 
(ii) Japanese version 
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Appendix G  
 
The Main Study Worksheets  
 
(i) English version 
(ii) Dutch version 
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Appendix H 
 
Results of the Pilot Study  
 
(i) UK School X 
(ii) Japan School Y  
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Appendix I 
 
Results of the Main Study  
 
(i) UK School A 
(ii) UK School B 
(iii) UK School C 
(iv) The Netherlands School D 
(v) US School E Class 1 
(vi) US School E Class 2  
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Appendix J 
 
Case Study Data 
 
(i) Completed Pupil Worksheets 
(ii) Interview Transcripts 
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Appendix K 
 
Ethical Documentation 
 
(i) Application for ethical approval 
(ii) Letters to parents 
(iii) Letter to teachers 
(iv) Outline interview questions 
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